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tIn this paper we study di�erentiability of solutions with respe
t to parameters in state-dependentdelay equations. In parti
ular, we give suÆ
ient 
onditions for di�erentiability of solutions in theW 1;p norm (1 � p <1). In establishing our main results we make use of a version of the UniformContra
tion Prin
iple for quasi-Bana
h spa
es.1 Introdu
tionIn this paper we study di�erentiability of solutions of the state-dependent delay system_x(t) = f�t; x(t); x(t � �(t; xt; �)); ��; t 2 [0; T ℄; (1.1)with initial 
ondition x(t) = '(t); t 2 [�r; 0℄ (1.2)with respe
t to (wrt) parameters of the equation. Here � 2 � and � 2 � represent parameters in theequation (f) and in the delay fun
tion, � , where � and � are normed linear spa
es with norms j � j�and j � j�, respe
tively. In this paper we restri
t our attention to di�erentiability of solutions wrt theparameters ', � and �. The notation xt denotes the solution segment fun
tion, i.e., xt : [�r; 0℄! Rn,xt(s) � x(t+ s). (See Se
tion 4 below for the detailed assumptions on the initial value problem (IVP)(1.1)-(1.2).)Di�erentiability results wrt parameters, beside the obvious theoreti
al importan
e, have a naturalappli
ation in the problem of identi�
ation of unknown parameters of the equation (su
h as the initialfun
tion, some 
oeÆ
ients in the equation, or for a 
onstant delay equation, the delay itself). In thisdire
tion it is important to know if the solution is di�erentiable wrt the parameters in some sense, sin
emany identi�
ation methods require the use of optimization te
hniques, in whi
h the knowledge of thederivative of the solution wrt the parameter is essential.1



Clearly, to be able to prove di�erentiability of the solution, we need to have some kind of smoothnessof the delay term, x(t� �(t; xt; �)), of the equation wrt xt and �. More pre
isely, we need to dis
uss thedi�erentiability of the fun
tion �(t;  ; �) �  (��(t;  ; �)) wrt  and �, where  represents a fun
tion[�r; 0℄ ! Rn. The main question here is the sele
tion of the spa
e (i.e., the norm) for  (i.e., thestate-spa
e of solutions) in whi
h �(t;  ; �) is di�erentiable wrt  . Sin
e �(t;  ; �) = �(t;  ; �;  ),where �(t;  ; �; �) � �(��(t;  ; �)), we need to assume di�erentiability of �(t;  ; �; �) wrt  , � and �in some sense. The latter is relatively easy, sin
e �(t;  ; �; �) is linear in �, therefore it is di�erentiablewrt � (in any norm) with derivative ���� (t;  ; �; �)h = �(t;  ; �; h). It is easy to see that in order to have
ontinuous di�erentiability of � wrt �, we need to 
onsider, e.g., the spa
e W 1;1 (see Se
tion 2 forde�nition), sin
e the inequalityj�(t;  ; �; h) � �(t; � ; ��; h)j � L2jhjW 1;1�j � � jC + j� � ��j��;(provided by Lemma 4.1 below), guarantees the 
ontinuous di�erentiability of �(t;  ; �; �) wrt � for � 2W 1;1. This suggests the use of W 1;1 for the state-spa
e of solutions. It looks as a natural 
hoi
e, sin
ethe solutions of IVP (1.1)-(1.2) areW 1;1 fun
tions (see, e.g., [5℄ or [7℄). The diÆ
ulty withW 1;1 is thatfor  ; � 2W 1;1, the fun
tion �(t;  ; �; �) is a 
omposition of � and  , and therefore we need to guaranteedi�erentiability, or preferably, 
ontinuous di�erentiability of the 
omposition of W 1;1 fun
tions, whi
his, in general, impossible. But in the 
ase when the two fun
tions are C1 fun
tions, di�erentiabilityfollows immediately from the Chain Rule, assuming that �(t;  ; �) is 
ontinuously di�erentiable wrt  and �. We refer to [5℄, where, under restri
tive 
onditions, di�erentiability of solutions wrt parameterswas obtained in the W 1;1 norm.Sin
e in W 1;1 the assumption for di�erentiability is too strong, we will explore di�erent spa
es forthe more general 
ase, i.e., when the solution, (and the initial fun
tion) is a W 1;1 fun
tion only.Hale and Ladeira [4℄ investigated di�erentiability of solutions of the 
onstant delay equation_x(t) = f(x(t); x(t � �))wrt the delay, � . They have shown, using an extension of the Uniform Contra
tion Prin
iple to quasi-Bana
h spa
es (see Theorem 3.1 below, and see Se
tion 3 below for the de�nition of quasi-Bana
hspa
es), that the map [0; r℄!W 1;1([�r; �℄;Rn); � 7! x(�; �)is di�erentiable. This result suggests that W 1;p (more pre
isely, the set W 1;1 equipped with the normj � jW 1;p) 
ould possibly be used as the state-spa
e for solutions. It might be a reasonable 
hoi
e, sin
e(see e.g. [5℄), the map ('; �; �) 7! x(�;'; �; �)t is Lips
hitz-
ontinuous in both the j � jW 1;1 and j � jW 1;pnorms, but the map t 7! x(�;'; �; �)t is 
ontinuous only in the j � jW 1;p norm, not in the j � jW 1;1 norm.This indi
ates that the set W 1;1 equipped with the j � jW 1;p norm (whi
h is not a Bana
h-spa
e, it isonly a quasi-Bana
h spa
e) 
ould be 
onsidered as a \natural" state-spa
e for state-dependent delayequations. The method used in [4℄ is the following: transform the IVP into an equivalent integralequation, introdu
e the new variable y(t) = x(t) � ~'(t), and then reformulate the problem as to �ndthe �xed point of an operator, and obtain di�erentiability of the �xed point wrt parameters. Wewill follow the same pro
edure. The transformed integral equation in our 
ase will be (4.1), and theoperator S(y; '; �; �) will be de�ned by (4.3). If we use the j � jW 1;p norm for y, then we need 
ontinuousdi�erentiability of S(y; '; �; �) wrt y, ', � and � in the W 1;p norm. It turns out that instead of thepointwise di�erentiability of �(t;  ; �) wrt  and � it is enough to have the di�erentiability of the
omposite fun
tion t 7! �(t; xt; �) wrt x and � in \an Lp-type of norm", where x 2W 1;1([�r; �℄;Rn).Brokate and Colonius [1℄ studied linearization of the equation_x(t) = f�t; x(t� �(t; x(t)))�; t 2 [0; �℄:In parti
ular, they investigated di�erentiability of the 
omposition operatorA : � �X �W 1;1� �! Lp([0; �℄;Rn); A(x)(t) � x(t� �(t; x(t)));2



where W 1;1� � W 1;1([�r; �℄;Rn). It was assumed that �(t; v) is twi
e 
ontinuously di�erentiablesatisfying �r � t� �(t; v) � � for all t 2 [0; �℄ and v 2 Rn, and�X � nx 2 W 1;1� : there exists " > 0 s.t. ddt�t� �(t; x(t))� � " a.e. t 2 [0; �℄o:It was shown in [1℄, that under these assumptions, A is 
ontinuously (Fre
h�et-)di�erentiable on itsdomain with derivative(A0(x)h)(t) = h(t� �(t; x(t))) + _x(t� �(t; x(t)))���x (t; x(t))h(t): (1.3)The key assumption of obtaining the results in [1℄, and whi
h was suggested in [7℄ as well, is the
hoi
e of the domain, �X.To obtain 
ontinuous di�erentiability of the operator S(y; '; �; �) in W 1;p we need 
ontinuous dif-ferentiability of the 
omposition map (x; �) 7! �(�; x�; �) wrt x and �, but using the j � jW 1;p� norm onthe spa
e of x. It turns out that the right 
hoi
e for our purposes is \in between the j � jW 1;1� norm andthe j � jW 1;p� norm". We will introdu
e a \produ
t norm" in Se
tion 3. Let x 2 W 1;1� (sin
e all solutionsare W 1;1� fun
tions, this should be the spa
e of the solutions), and de
ompose x as x = y + ~', (where'(t) = x(t) for t 2 [�r; 0℄, and ~' is the extension of ' to [�r; �℄ by ~'(t) = '(0)), and de�ne the normof x by jxjXp� � �Z �0 j _y(u)jpdu�1=p + j'jW 1;1 ;and 
onsider the normed linear spa
e Xp� � (W 1;1� ; j � jXp�). The norm j � jXp� is weaker than the j � jW 1;1�norm, but stronger than the j � jW 1;p� norm (see Lemma 3.8 below). But it is still \strong enough" thatthe methods of [1℄, with minor modi�
ations, provide di�erentiability of the 
omposition mapB� : �A1 �A2 � Xp� ���! Lp([0; �℄; Rn); B�(x; �)(t) � �(t; xt; �):(See Se
tion 5 below.) On the other hand, j � jXp� is \weak enough" that using the di�erentiability ofthe operator B� above, we 
an obtain obtain di�erentiability of the operator S(y; '; �; �) : (B1 �B2 � B3 � B4 � Xp� �W 1;1 � � � �) ! Xp� wrt y, ', � and � (see Lemma 6.1 below), and be ableto use a variation of the Uniform Contra
tion Prin
iple (see Theorem 3.5 below) to get di�erentiabilityof the �xed point (the solution of the IVP) wrt the parameters ', � and � in the j � jXp� norm (seeTheorem 6.2 below). Sin
e this produ
t norm is stronger than the j � jW 1;p� norm, the result implies thedi�erentiability of solutions in the latter norm as well (see Corollary 6.3 below).We 
lose this se
tion by noting that di�erentiability of solutions of delay equations of the form_x(t) = f(t; xt)wrt parameters has been studied, e.g., in [3℄, where it was shown di�erentiability of solutions wrt initialfun
tion and f , using C as the state-spa
e of the solution, and the Uniform Contra
tion Prin
iple.Di�erentiability of solutions of state-dependent delay equations wrt parameters (to the best knowledgeof the authors) has not been studied in the literature yet.2 Notations, preliminariesThroughout this paper a norm on Rn and the 
orresponding matrix norm on Rn�n are denoted by j � jand k � k, respe
tively. (The 
onstant n is �xed throughout this paper.)The notation f : �A � X�! Y will be used to denote that the fun
tion maps the subset A of thenormed linear spa
e X to Y . This notation emphasizes that the topology on A is de�ned by the normof X . 3



We denote the open ball around a point x0 with radius R in a normed linear spa
e (X; j � jX ) byGX (x0; R), i.e., GX(x0; R) � fx 2 X : jx�x0jX < Rg, and the 
orresponding 
losed ball by GX(x0; R).If the ball is 
entered at the origin, we use simply GX (R) and GX (R), respe
tively.W 1;p([a; b℄; Rn), (1 � p � 1) denote spa
es of absolutely 
ontinuous fun
tions  : [a; b℄ ! Rn of�nite norm j jW 1;p([a;b℄;Rn) �  Z ba j (s)jp + j _ (s)jp ds!1=p ; 1 � p <1;and j jW 1;1([a;b℄;Rn) � max� supa�s�b j (s)j; ess supa�s�b j _ (s)j� ; p =1;respe
tively.The 
onstant r > 0 is �xed throughout this paper. We will mainly work with fun
tions de�nedon [�r; 0℄ or [�r; �℄. To keep the notation simple, the fun
tion spa
es C([�r; 0℄; Rn), Lp([�r; 0℄; Rn),W 1;p([�r; 0℄; Rn) and the 
orresponding norms will be denoted by C, Lp, W 1;p and j � jC , j � jLp andj � jW 1;p , respe
tively. Similarly, the spa
es C([�r; �℄; Rn), Lp([�r; �℄; Rn), W 1;p([�r; �℄; Rn) and the
orresponding norms will be denoted by C�, Lp�, W 1;p� and j � jC� , j � jLp� and j � jW 1;p� , respe
tively. Wewill use Lp0;� and j � jLp0;� to denote the spa
e Lp([0; �℄; Rn) and the norm on it.Finally, we re
all a result for later referen
e 
on
erning di�erentiability of fun
tions. Note that inthis paper all the derivatives we use are Fre
h�et-derivatives.Lemma 2.1 (see, e.g., [8℄) Suppose that X and Y are normed linear spa
es, and U is an open subsetof X, and F : U ! Y is di�erentiable. Let x; y 2 U and y + �(x � y) 2 U for � 2 [0; 1℄. ThenjF (y)� F (x) � F 0(x)(y � x)jY � jx� yjX sup0<�<1 kF 0(y + �(x � y))� F 0(x)kL(X;Y ):3 The Uniform Contra
tion Prin
iple in quasi-Bana
h spa
esLet Y be a linear spa
e, and let j � j and k � k denote norms de�ned on Y . We say that (Y; j � j) is aquasi-Bana
h spa
e with respe
t to the norm k � k, if for all R > 0, �G(Y;k�k)(R); j � j� is a 
ompletemetri
 spa
e, i.e., all the 
losed balls of Y at the origin 
orresponding to the k � k norm are 
ompletesets in the j � j norm. We 
onsider Y with the topology de�ned by the norm j � j, i.e., by open, 
losedsets in Y we mean open, 
losed sets of Y in the norm j � j. Introdu
e ~L(Y ), the quasi-Bana
h spa
e oflinear operators S : Y ! Y whi
h are bounded in both j � j and k � k norms. (See [4℄.)The following generalization of the Uniform Contra
tion Prin
iple holds for quasi-Bana
h spa
es:Theorem 3.1 (see [4℄) Let Z be a normed spa
e, and assume that (Y; j � j) is a quasi-Bana
h spa
ewith respe
t to the norm k�k. Let U � Y be open, and V � Z be open, and assume that S : U�V ! Usatis�es(i) S is a uniform j � j and k � k 
ontra
tion, i.e., there exists 0 � 
 < 1 su
h thatjS(y; z)� S(�y; z)j � 
jy � �yj; for y; �y 2 U; z 2 V;and kS(y; z)� S(�y; z)k � 
ky � �yk; for y; �y 2 U; z 2 V:4



(ii) For ea
h � > 0 there exists R > 0 su
h thatS�(G(Y;k�k)(R) \ U)� (GZ (�) \ V )� � (G(Y;k�k)(R) \ U):(iii) S 2 Ck(U � V ; Y ) for some k � 1.Then for ea
h z 2 V , there exists a unique �xed point g(z) of S(�; z) in U , and the map g is in Ck(V ; Y ).The following notion of the (Fre
h�et-)derivative wrt to a set in a linear spa
e whi
h is equippedwith two norms (e.g., a quasi-Bana
h spa
e) will be 
ru
ial for our future purposes. Let X1 be a linearspa
e, and assume that j � jX1 and k � k are two norms on X1, and let X2 be a normed linear spa
e. We
onsider the normed linear spa
e X1 as the spa
e (X1; j � jX1), i.e., with the topology generated by thej � jX1 norm, and denote the normed linear spa
e of bounded linear operators from X1 to X2 with thenorm kAkL(X1;X2) � supfjAxjX2 : jxjX1 � 1g by L(X1; X2). We de�ne di�erentiability of a map overa set whi
h is not open in the j � jX1 norm, but open in the k � k norm.De�nition 3.2 Let U be an k � k-open subset of X1, and F : �U � X1� ! X2. We say that F isdi�erentiable with respe
t to the set U , if for every x 2 U there exists A 2 L(X1; X2), su
h thatlimjhj!0;x+h2U jF (x+ h)� F (x)�AhjX2jhjX1 = 0: (3.1)The map A is uniquely determined, 
alled the derivative of F at x, and denoted by F 0(x). If, moreover,the map F 0 : �U � X1�! L(X1; X2) is 
ontinuous, then we say that F is 
ontinuously di�erentiablewrt U .In (3.1) the limit is 
omputed for h su
h that x + h 2 U , or equivalently, for h su
h that h 2 U � x �fu� x : u 2 Ug. The uniqueness of A in (3.1) follows from the assumption that U is k � k-open, andtherefore there exists � > 0 su
h that h 2 U � x for khk < �. Let x 2 U be �xed, and suppose thereexist A; ~A 2 L(X1; X2) both satisfying (3.1). It is easy to see that (3.1) yields that for every " > 0there exists Æ > 0 su
h thatj(A� ~A)hjX2 � "jhjX1 ; for jhjX1 < Æ; h 2 U � x: (3.2)Let h� 2 X1 be su
h that jh�jX1 < Æ and h� 62 U �x. Then there exists � 2 (0; 1) su
h that k�h�k < �,therefore �h� 2 U�x. Hen
e (3.2) yields j(A� ~A)�hjX2 � "j�hjX1 , and therefore j(A� ~A)hjX2 � "jhjX1for all jhjX1 < Æ. Sin
e " was arbitrary, we get A = ~A.Let X1 be a linear spa
e equipped with two norms, j � jX1 and k � k, as before, and let X2 and X3 benormed linear spa
es.De�nition 3.3 Let U be an k � k-open subset of X1, and V be an open subset of X2, F : �U � V �X1 �X2� ! X3. We say that F (u; v) is 
ontinuously di�erentiable wrt to u and wrt the set U , if forevery v 2 V the fun
tion F (�; v) : �U � X1� ! X3 is di�erentiable wrt the set U (in the sense ofDe�nition 3.2), and the derivative, �F�u : �U � V � X1 �X2�! L(X1; X3), is 
ontinuous.We will use the following result in the sequel.
5



Lemma 3.4 Let X1 be a normed linear spa
e with norm j � jX1 , and let k � k be an other norm de�nedon X1. Let X2 and X3 be normed linear spa
es. Let U be an k � k-open subset of X1, and V be an opensubset of X2. Let F : �U � V � X1 �X2�! X3, be 
ontinuously di�erentiable wrt u and wrt the setU , and 
ontinuously di�erentiable wrt v on its domain. Let (�u; �v) 2 U � V be �xed. Then the fun
tion!(�u; �v;u; v) � F (u; v)� F (�u; �v)� �F�u (�u; �v)(u� �u)� �F�v (�u; �v)(v � �v)satis�es j!(�u; �v;u; v)jX3ju� �ujX1 + jv � �vjX2 ! 0; as ju� �ujX1 ! 0; u 2 U; and jv � �vjX2 ! 0:Proof The de�nition of ! and elementary manipulations givej!(�u; �v;u; v)jX3 � ����F (u; v)� F (u; �v)� �F�v (u; �v)(v � �v)����X3 + ������F�v (u; �v)� �F�v (�u; �v)� (v � �v)����X3+ ����F (u; �v)� F (�u; �v)� �F�u (�u; �v)(u� �u)����X3Applying Lemma 2.1 to the fun
tion F (u; �) : GX2 (�v; Æ)! X3 (for some Æ > 0), we getj!(�u; �v;u; v)jX3 � jv � �vjX2 sup0<�<1 



�F�v (u; �v + �(v � �v))� �F�v (u; �v)



L(X2;X3)+ 



�F�v (u; �v)� �F�v (�u; �v)



L(X2;X3) jv � �vjX2+ ����F (u; �v)� F (�u; �v)� �F�u (�u; �v)(u� �u)����X3 ;whi
h, using the 
ontinuity of �F�u and �F�v on U � V , proves the lemma.Sin
e Theorem 3.1 is not appli
able to the 
lass of equations 
onsidered here, we state the followingresult (a weaker version of Theorem 3.1), and introdu
e some new spa
es essential for our futurepurposes.Theorem 3.5 Let Z be a normed spa
e, and (Y; j � j) be a quasi-Bana
h spa
e wrt the norm k � k. LetU be an k � k-open subset of Y , W be a (j � j-)
losed subset of U , and V be an open subset of Z, andassume that S : U � V ! Y satis�es the following 
onditions:(i) S(W � V ) �W ,(ii) S is a uniform j � j and k � k 
ontra
tion on W � V , i.e., there exists 0 � 
 < 1 su
h thatjS(y; z)� S(�y; z)j � 
jy � �yj; for y; �y 2 W; z 2 V;and kS(y; z)� S(�y; z)k � 
ky � �yk; for y; �y 2 W; z 2 V:(iii) For ea
h � > 0 there exists R > 0 su
h thatS�(G(Y;k�k)(R) \W )� (GZ (�) \ V )� � (G(Y;k�k)(R) \W ):(iv) For all y 2W the fun
tion S(y; �) : �V � Z�! Y is 
ontinuous.6



Then for ea
h z 2 V , there exists a unique �xed point g(z) of S(�; z) in W , whi
h depends 
ontinuouslyon z. Moreover, if in addition(v) S is 
ontinuously di�erentiable wrt y and z on U � V in the following sense:(a) for ea
h z 2 V , the fun
tion S(�; z) : �U � (Y; j � j)�! Y is di�erentiable wrt U in the senseof De�nition 3.2,(b) for ea
h y 2 U , the fun
tion S(y; �) : �V � Z�! Y is di�erentiable, and(
) the partial derivatives �S�y : �U � V � (Y; j � j) � Z� ! L(Y; Y ) and �S�z : �U � V �(Y; j � j)� Z�! L(Z; Y ) are 
ontinuous fun
tions,then the map g : �V � Z�! Y is 
ontinuously di�erentiable.Proof The proof is essentially the same as that of Theorem 3.1 (see [4℄), and therefore only the mainsteps are presented here, and we point out the di�eren
e in the respe
tive arguments due to the fa
tthat here di�erentiability is required in a weaker sense.For a �xed z 2 V , assumption (iii) implies that there exists an R > 0 su
h thatS(�; z) : (G(Y;k�k)(R) \W )! (G(Y;k�k)(R) \W );and sin
e G(Y;k�k)(R) is a 
omplete subset of Y , the existen
e of a unique �xed point of S(�; z), g(z),follows from (ii). A standard argument (using (ii) and (iv)) shows that g(�) : V ! Y is 
ontinuous.Assumption (ii) yields that 


�S�y (y; z)


L(Y;Y ) � 
 and 


�S�y (y; z)


L�(Y;k�k); (Y;k�k)� � 
 for all (y; z) 2W � V , and therefore (by using a series of Lemmas in [4℄), �I � �S�y (y; z)��1 2 ~L(Y ) exists and is
ontinuous in (y; z). De�ne M(z) � �I � �S�y (g(z); z)��1 �S�z (g(z); z):We will show that g0(z) =M(z). Let 
 = 
(h) � g(z + h)� g(z). Then it is easy to see that
 = �S�y (g(z); z)
 + �S�z (g(z); z)h+�;where � � S(g(z) + 
; z + h)� S(g(z); z)� �S�y (g(z); z)
 � �S�z (g(z); z)h:Sin
e g(z) 2W , g(z) + 
 = g(z+ h) 2W , and W � U , Lemma 3.4 implies that j�j � "(j
j+ jhjZ), forsome " > 0 and for suÆ
iently small 
 and h. The remaining part of the proof is identi
al to that ofTheorem 3.1. In parti
ular, it is possible to obtain an estimate of the formjg(z + h)� g(z)�M(z)hj < "(1 + k)1� 
 jhjZ ;whi
h proves the statement. The details are omitted.Let � > 0. We de�ne the spa
eYp� � ny 2W 1;1� : y(t) = 0 on [�r; 0℄o;7



with 
orresponding norms jyjYp� � �Z �0 j _y(s)jp ds�1=p ; for 1 � p <1;and jyjY1� � ess sups2[0;�℄ j _y(s)j; for p =1;respe
tively. Note, that Yp� is the same set for all p, but it is equipped with di�erent norms. Clearly,Yp� is a normed linear spa
e, and Y1� is a Bana
h-spa
e.The following lemma lists some basi
 properties of these norms.Lemma 3.6 Let y 2 Yp�, 1 � p � 1, and q be the 
onjugate to p, i.e., 1=p + 1=q = 1. Then thefollowing estimates hold:(i) jy(t)j � �1=q jyjYp� , for t 2 [�r; �℄, 1 � p <1,(ii) jy(t)j � �jyjY1� , for t 2 [�r; �℄,(iii) jytjC � �1=q jyjYp� , for t 2 [0; �℄, 1 � p <1,(iv) jytjC � �jyjY1� , for t 2 [0; �℄,(v) jyjYp� � �1=pjyjY1� , for 1 � p <1,(vi) jyjYp� � jyjW 1;p� � (�p + 1)1=pjyjYp� , i.e., j � jYp� is equivalent to the norm j � jW 1;p� on Yp�, for1 � p <1,(vii) jyjY1� � jyjW 1;1� � maxf�; 1gjyjY1� , i.e., j � jY1� is equivalent to the norm j � jW 1;1� on Y1� ,(viii) jyjLp� � �jyjYp� , for 1 � p <1.For 1 � p <1, Yp� is not a Bana
h-spa
e, but, as the next lemma shows, it is a quasi-Bana
h spa
ewrt the j � jY1� norm. We 
omment that Hale and Ladeira [4℄ applied the extension of the UniformContra
tion Theorem (Theorem 3.1) in this spa
e (with p = 1) to show di�erentiability of solutionswrt the delay in 
onstant delay equations. This spa
e was also used in [6℄ to establish 
ontinuousdependen
e of solutions on parameters in a 
lass of neutral di�erential equations.Lemma 3.7 Let �y 2W 1;1� , Æ > 0, 1 � p <1. Then the set GY1� (�y; Æ) is a 
losed and 
omplete subsetof Yp�.Proof Let yk 2 GY1� (�y; Æ) be a Cau
hy-sequen
e in the j � jYp� norm. By Lemma 3.6 (vi) the j � jYp�and j � jW 1;p� norms are equivalent, therefore fykg is a Cau
hy-sequen
e in W 1;p� as well. Sin
e W 1;p� isa Bana
h-spa
e, there exists a fun
tion y 2 W 1;p� su
h that jyk � yjW 1;p� ! 0 as k ! 1, and thereforejyk � yjYp� ! 0 as k !1. Lemma 3.6 (i) yields that jyk(t)� yl(t)j � �1=q jyk � yljYp� ! 0, as k; l!1,so fyk(t)g is a Cau
hy-sequen
e in Rn for all t 2 [0; �℄, and hen
e fyk(t)g is pointwise 
onvergent toy(t).Suppose that y 62 GY1� (�y; Æ), i.e., ess sup0�u�� j _y(u) � _�y(u)j > Æ + " for some " > 0. Then the setA � fu : j _y(u) � _�y(u)j > Æ + "g has positive measure. Sin
e ess sup0�u�� j _yk(u) � _�y(u)j � Æ for all k 2 N ,and hen
e meas(fu : j _yk(u)� _�y(u)j > Æg) = 0, we have that the setB � [0; �℄ n 1[k=1nu : j _yk(u)� _�y(u)j > Æo = nu : j _yk(u)� _�y(u)j � Æ; k 2 No8



has measure �. Then elementary estimates imply for all k thatjy � ykjYp� � 0� ZA\B �j _y(u)� _�y(u)j � j _�y(u)� _yk(u)j�p du1A1=p � "�meas(A \ B)�1=p > 0;whi
h is a 
ontradi
tion. Therefore y 2 GY1� (�y; Æ), i.e., GY1� (�y; Æ) is 
omplete, and hen
e also 
losed inYp�.Next we introdu
e a new norm on W 1;1� . We de�ne the proje
tion operatorsPr' : W 1;1� !W 1;1; (Pr' x)(s) � x(s); s 2 [�r; 0℄; (3.3)and Pry : W 1;1� ! Yp�; (Pry x)(u) � � 0; �r � u � 0;x(u)� x(0); 0 � u � �: (3.4)Conversely, if ' 2 W 1;1 and y 2 Yp�, then the fun
tion x = y + ~' is in W 1;1� , where ~' denotes theextension of ' to [�r; �℄ de�ned by~'(t) � � '(t); t 2 [�r; 0℄'(0); t 2 [0; �℄: (3.5)We de�ne a \produ
t norm" on the set W 1;1� for 1 � p <1 byjxjXp� � jPry xjYp� + jPr' xjW 1;1 ; (3.6)and denote the 
orresponding normed linear spa
e by Xp� � �W 1;1� ; j � jXp��.Part (i) and (ii) of the following lemma shows that this \produ
t" norm is stronger than the j � jW 1;p�norm, and weaker than the j � jW 1;1� norm on W 1;1� . Estimate (iii) will be used later.Lemma 3.8 Let 1 � p <1. There exist positive 
onstants 
1, 
2 and 
3 su
h that for all x 2W 1;1�(i) jxjW 1;p� � 
1jxjXp� ,(ii) jxjXp� � 
2jxjW 1;1� ,(iii) jxjC� � 
3jxjXp� .Proof Let y = Pry x and ' = Pr' x, i.e., x = y + ~' be the dire
t sum de
omposition of x. Using theinequality (a+ b)p � 2p�1(ap + bp) and Lemma 3.6 (i) we getjxjpW 1;p� = Z 0�r j'(s)jp + j _'(s)jp ds+ Z �0 jy(u) + '(0)jp + j _y(u)jp du� 2rj'jpW 1;1 + 2p�1 Z �0 jy(u)jp du+ �2p�1j'(0)jp + Z �0 j _y(u)jp du� (2p�1�+ 2r)j'jpW 1;1 + 2p�1�p=q+1jyjpYp� + jyjpYp�� (2p�1�+ 2r + 2p�1�p + 1)jxjpXp� ;whi
h proves the �rst statement of the lemma with 
1 = (2p�1�+ 2r + 2p�1�p + 1)1=p.To show the se
ond inequality, 
onsider the elementary estimatesjxjXp� = �Z �0 j _y(u)jp du�1=p + j'jW 1;1 � �1=pj _yjL1� + j'jW 1;1 � (�1=p + 1)jxjW 1;1� ;therefore 
2 = (�1=p + 1) in (ii).Consider (iii). Then by Lemma 3.6 (i) we get jxjC� � jyjC� + j ~'jC� � �1=q jyjYp� + j'jW 1;1 �maxf�1=q; 1gjxjXp� , therefore (iii) is satis�ed with 
3 = maxf�1=q; 1g. This 
ompletes the proof of thelemma. 9



4 A Class of State-Dependent Delay EquationsIn this se
tion we 
onsider a set of te
hni
al 
onditions, guaranteeing well-posedness and di�erentia-bility of solutions wrt parameters, for the state-dependent delay di�erential equation (1.1) with initial
ondition (1.2). In parti
ular, we make the following assumptions:Let 
1 � Rn, 
2 � Rn, 
3 � �, 
4 � C, and 
5 � � be open subsets of the respe
tive spa
es.T > 0 is �nite or T =1, in whi
h 
ase [0; T ℄ denotes the interval [0;1).(A1) (i) f : [0; T ℄�
1 �
2 �
3 ! Rn is 
ontinuous,(ii) f(t; v; w; �) is lo
ally Lips
hitz-
ontinuous in v, w and � in the following sense: for every� > 0, M1 � 
1, M2 � 
2, M3 � 
3, where M1 and M2 are 
ompa
t subsets of Rn and M3is a 
losed, bounded subset of �, there exists a 
onstant L1 = L1(�;M1;M2;M3) su
h thatjf(t; v; w; �) � f(t; �v; �w; ��)j � L1�jv � �vj+ jw � �wj+ j� � ��j��;for t 2 [0; �℄, v; �v 2M1, w; �w 2M2, and �; �� 2M3,(iii) f(t; v; w; �) : �[0; T ℄�
1�
2�
3 � R�Rn�Rn���! Rn is 
ontinuously di�erentiablewrt v, w and �,(A2) (i) � : [0; T ℄�
4 �
5 ! [0;1) is 
ontinuous, andt� �(t;  ; �) � �r; for t 2 [0; T ℄;  2 
4; and � 2 
5;(ii) �(t;  ; �) is lo
ally Lips
hitz-
ontinuous in  and � in the following sense: for every � > 0,M4 � 
4 and M5 � 
5, where M4 is a 
ompa
t subset of C, and M5 is a 
losed, boundedsubset of �, there exists a 
onstant L2 = L2(�;M4;M5) su
h thatj�(t;  ; �) � �(t; � ; ��)j � L2�j � � jC + j� � ��j��for t 2 [0; �℄,  ; � 2M4, and �; �� 2M5,(iii) �(t;  ; �) : �[0; T ℄� 
4 � 
5 � [0; �℄ � C � �� ! R is 
ontinuously di�erentiable wrt t,  and �,(iv) ���t (t;  ; �), ��� (t;  ; �) and ���� (t;  ; �) are lo
ally Lips
hitz-
ontinuous in  and �, i.e., forevery � > 0,M4 � 
4 andM5 � 
5, whereM4 is a 
ompa
t subset of C, andM5 is a 
losed,bounded subset of �, there exists L3 = L3(�;M4;M5) su
h that�������t (t;  ; �)� ���t (t; � ; ��)���� � L3�j � � jC + j� � ��j��;



 ��� (t;  ; �)� ��� (t; � ; ��)



L(C;R) � L3�j � � jC + j� � ��j��;and 



���� (t;  ; �)� ���� (t; � ; ��)



L(�;R) � L3�j � � jC + j� � ��j��hold for all t 2 [0; �℄,  ; � 2M4, and �; �� 2M5,(A3) ' 2W 1;1.Assumptions (A1) (iii), (A2) (ii) and (iv) are equivalent to the usual lo
al Lips
hitz-
ontinuityproperties if � and � are �nite dimensional spa
es. On the other hand, they 
an also be satis�ed inspe
ial 
ases when � and � are in�nite dimensional. For example, let � = C([0; T ℄;Rk), 
3 = �,10



and f(t; v; w; �) = g(t; v; w; �(t)), where g : [0; T ℄ � 
1 � 
2 � Rk ! Rn. Then if g is 
ontinuous,and 
ontinuously di�erentiable wrt its last three arguments, then (A1) is satis�ed. Similarly, let, e.g.,� = C([0; T ℄;Rk), 
5 = �, and �(t;  ; �) = �� (t;  (0); �(t)). Then if �� : [0; T ℄ � Rn � Rk ! [0; r℄ istwi
e 
ontinuously di�erentiable wrt its arguments, then (A2) is satis�ed.For future notational 
onvenien
e we introdu
e the fun
tions�(t;  ; �) �  (��(t;  ; �)) and �(t;  ; �; �) � �(��(t;  ; �))for t 2 [0; T ℄,  ; � 2 C and � 2 �. With this notation we 
an rewrite (1.1) shortly as_x(t) = f(t; x(t);�(t; xt; �); �):The de�nitions of � and �, assumption (A2) (ii), and the Mean Value Theorem imply immediately thefollowing inequalities, whi
h we will need later.Lemma 4.1 Assume (A2) (ii), and let 0 < � � T , M4 � 
4 be a 
ompa
t subset of C, and M5 � 
5be a 
losed, bounded subset of �. Let L2 = L2(�;M4;M5) be the 
orresponding 
onstant from (A2) (ii).Then the inequalities j�(t;  ; �; �) � �(t; � ; ��; �)j � L2j _�jL1�j � � jC + j� � ��j��;and j�(t;  ; �)� �(t; � ; ��)j � j � � jC + L2j _ jL1�j � � jC + j� � ��j��hold for t 2 [0; �℄,  2W 1;1,  ; � 2M4, and �; �� 2M5.Assumptions (A1){(A3) yield that for any x 2 C([�r; T ℄;Rn) the map t 7! �(t; xt; �) is 
ontinuous,and hen
e so is the map t! f�t; x(t);�(t; xt; �); ��. Therefore, using the new variable y(t) � x(t)� ~'(t),IVP (1.1)-(1.2) 
an be transformed to an equivalent integral equationy(t)=8<: 0; t 2 [�r; 0℄Z t0 f�u; y(u) + ~'(u); �(u; yu + ~'u; �); �� du; t 2 [0; T ℄: (4.1)In this se
tion we study well-posedness of (4.1) 
orresponding to parameters ', � and � satisfying thedomain 
onditions'(0) 2 
1; '(��(0; '; �)) 2 
2; � 2 
3; ' 2 
4; and � 2 
5: (4.2)We assume for the rest of this paper that '� 2 W 1;1, �� 2 � and �� 2 � are �xed parameter valuessatisfying (4.2).Our goal is to de�ne an operator S byS(y; '; �; �)(t) = 8<: 0; t 2 [�r; 0℄Z t0 f�u; y(u) + ~'(u); �(u; yu + ~'u; �); �� du; t 2 [0; �℄; (4.3)and, using Theorem 3.5, obtain existen
e of a unique �xed point of S, i.e., of a unique solution of (4.1).The next lemma gives the pre
ise de�nition of the domain, where S 
an be de�ned, and where the
onditions of Theorem 3.5 are satis�ed.Lemma 4.2 Assume (A1) (i),(ii), (A2) (i),(ii) and (A3). Let 1 � p <1 and assume that '�, �� and�� satisfy (4.2). Then there exist positive 
onstants Æ1, Æ2, Æ3, �, and sets M1, M2, M3, M4, M5, Uand W, su
h that 11



(1) M1 � 
1, M2 � 
2 are 
ompa
t subsets of Rn, M3 � 
3 is a 
losed, bounded subset of �,M4 � 
4 is a 
ompa
t subset of C, and M5 � 
5 is a 
losed, bounded subset of �,(2) U is an open subset of Y1� , W is a 
losed subset of Yp�, and W � U ,(3) for u 2 [0; �℄, y 2 U , ' 2 GW 1;1('�; Æ1), � 2 G�(��; Æ2), and � 2 G�(��; Æ3)y(u) + ~'(u) 2M1; �(u; yu + ~'u; �) 2M2; � 2M3; yu + ~'u 2M4; and � 2M5 (4.4)hold, and(4) the operatorS : �U � GW 1;1('�; Æ1)� G�(��; Æ2)� G�(��; Æ3) � Yp� �W 1;1 �����! Yp�; (4.5)de�ned by (4.3) satis�es(i) S�W �GW 1;1('�; Æ1)� G�(��; Æ2)� G�(��; Æ3)� �W,(ii) S is a uniform 
ontra
tion on W both in j � jY1� and j � jYp� norms, i.e., there exists 0 � 
 < 1su
h that for all y; �y 2 W, ' 2 GW 1;1('�; Æ1), � 2 G�(��; Æ2), � 2 G�(��; Æ3)jS(y; '; �; �) � S(�y; '; �; �)jY1� � 
jy � �yjY1� ;and jS(y; '; �; �)� S(�y; '; �; �)jYp� � 
jy � �yjYp� ;(iii) for all y 2 W the fun
tion S(y; �; �; �) : GW 1;1('�; Æ1) � G�(��; Æ2) � G�(��; Æ3) ! Yp� is
ontinuous.Proof Sin
e '�, �� and �� satisfy (4.2), and 
i (i = 1; : : : ; 5) are open sets, there exist positive
onstants Ri (i = 1; : : : ; 5) su
h that M1 � GRn('�(0); R1) � 
1, M2 � GRn('�(��(0; '�; ��)); R1) �
2, M3 � G�(��; R3) � 
3, M�4 � GC('�; R4) � 
4, and M5 � G�(��; R5) � 
5.Let 0 < �T � T be a �xed �nite number, and L1 = L1( �T ;M1;M2;M3) be the 
onstants from (A1)(ii). Assumptions (A1) (i) and (ii), the 
ompa
tness of M1 and M2, and the boundedness of M3 yieldsupfjf(u; v; w; �)j : u 2 [0; �T ℄; v 2M1; w 2M2; � 2M3g� supfjf(u; v; w; ��)j : u 2 [0; �T ℄; v 2M1; w 2M2g+ L1 supfj� � ��j� : � 2M3g< 1;therefore the 
onstant �� � supfjf(u; v; w; �)j : u 2 [0; �T ℄; v 2M1; w 2M2; � 2M3g is �nite. Let� > ��; �� � min� �T ; R12� ; R43� ; R43(j'�jW 1;1 + 1)� ; and �Æ1 � min�R12 ; R43 � :Let u 2 [0; ��℄, y 2 GY1�� (�) and ' 2 GW 1;1�'�; �Æ1�. Then Lemma 3.6 (ii) yieldsjy(u) + ~'(u)� '�(0)j � jy(u)j+ j'(0)� '�(0)j � ��jyjY1�� + j'� 'jW 1;1 � ��� + �Æ1 � R1;i.e., y(u) + ~'(u) 2M1. Similarly, using Lemma 3.6 (ii) and the Mean Value Theorem we getjyu + ~'u � '�jC � jyujC + j ~'u � ~'�ujC + j ~'�u � '�jC� ��jyjY1�� + j'� '�jC + uj'�jW 1;1� ��� + �Æ1 + ��j'�jW 1;1 (4.6)� R4; 12



i.e., yu + ~'u 2 M�4 � 
4. De�ne M4 � fyu + ~'u : u 2 [0; ��℄; y 2 GY1�� (�); ' 2 GW 1;1�'�; �Æ1�g.Then M4 � M�4 � 
4, and Arsela-As
oli's lemma implies that M4 is a 
ompa
t subset of C. LetL2 = L2(��;M4;M5) be the 
onstant from (A2) (ii), and de�neÆ1 � min��Æ1; R25L2(j'�jW 1;1 + 1)� ; Æ2 � R3; and Æ3 � min� R25L2(j'�jW 1;1 + 1) ; R5� :Sele
t � su
h that� � min���; R25�L2(j'�jW 1;1 + 1) ; R25L2(j'�j2W 1;1 + 1)� ; �L1(2 + L2( �� + j'�jW 1;1 + Æ1)) < 1;and j'�jW 1;1 j�(u; '�; ��)� �(0; '�; ��)j � R2=5 for u 2 [0; �℄:De�ne the sets U � GY1� (�) andW � GY1� ����. ThenW � U , U is an open subset of Y1� , and it followsfrom Lemma 3.7 that W is a 
losed subset of Yp�, so part (2) of the lemma holds.Let u 2 [0; �℄, y 2 U , ' 2 GW 1;1('�; Æ1), � 2 G�(��; Æ3). Then Lemma 4.1, �(0; '�; ��) ='�(��(0; '�; ��)), yu + ~'u 2M4, and an estimate similar to (4.6) yieldj�(u; yu + ~'u; �)� �(0; '�; ��)j� j�(u; yu + ~'u; �)� �(u; '�; ��)j+ j�(u; '�; ��)� �(0; '�; ��)j� L2j'�jW 1;1(jyu + 'u � '�jC + j� � ��j�) + j'�(��(u; '�; ��))� '�(��(0; '�; ��))j� L2j'�jW 1;1(jyu + 'u � '�jC + j� � ��j�) + j'�jW 1;1 j�(u; '�; ��)� �(0; '�; ��)j� L2j'�jW 1;1(�� + Æ1 + �j'�jW 1;1 + Æ3) + j'�jW 1;1 j�(u; '�; ��)� �(0; '�; ��)j� R2;i.e., �(u; yu+ ~'u; �) 2M2. Clearly, � 2M3 for � 2 G�(��; Æ2), and � 2M5 for � 2 G�(��; Æ3), thereforepart (1) and (3) of the lemma is proved.(1){(3) imply that the operator S de�ned by (4.5) and (4.3) is well-de�ned on its domain. Lety 2 W , ' 2 GW 1;1('�; Æ1), � 2 G�(��; Æ2), and � 2 G�(��; Æ3). Then the de�nition of �� yields thatjS(y; '; �; �)jY1� � ��, i.e. S(y; '; �; �) 2 W , whi
h shows (4) (i). Lemma 4.1 and Lemma 3.6 (ii) and(iv) yieldjS(y; '; �; �)� S(�y; '; �; �)jY1�= ess sup0�u�� ���f(u; y(u) + ~'(u);�(u; yu + ~'u; �); �) � f(u; �y(u) + ~'(u);�(u; �yu + ~'u; �); �)���� L1ess sup0�u���jy(u)� �y(u)j+ j�(u; yu + ~'u; �)� �(u; �yu + ~'u; �)j�� L1ess sup0�u���jy(u)� �y(u)j+ jyu � �yujC + L2j _yu + _~'ujL1 jyu � �yujC�� L1�(2 + L2(jyjY1� + j'jW 1;1))jy � �yjY1�� L1�(2 + L2( �� + j'�jW 1;1 + Æ1))jy � �yjY1� :Similarly, using Lemma 3.6 (i) and (iii), we have thatjS(y; '; �; �)� S(�y; '; �; �)jpYp�= Z �0 ���f(u; y(u) + ~'(u);�(u; yu + ~'u; �); �) � f(u; �y(u) + ~'(u);�(u; �yu + ~'u; �); �)���p du� Lp1 Z �0 �jy(u)� �y(u)j+ jyu � �yujC + L2j _yu + _~'ujL1 jyu � �yujC�p du� Lp1�p(2 + L2( �� + j'�jW 1;1 + Æ1))pjy � �yjpYp� :13



Therefore (4) (ii) is satis�ed with 
 = �(L1(2 + L2( �� + j'�jW 1;1 + Æ1)) < 1.Statement (4) (iii) follows easily from the 
ontinuity of f and �, and the Lebesgue's DominatedConvergen
e Theorem.Lemma 4.2 and Theorem 3.5 yield the well-posedness of IVP (1.1)-(1.2). For 
omparison, we referto [2℄ as a standard referen
e for well-posedness of di�erential equations with state-dependent delays.Theorem 4.3 Assume (A1) (i),(ii), (A2) (i),(ii) and (A3). Let 1 � p < 1, and assume that '�,��, and �� satisfy (4.2). Then there exist � > 0 and a neighborhood of the parameters, where IVP(1.1)-(1.2) has a unique solution, x('; �; �)(�), on [0; �℄, whi
h depends 
ontinuously on the parameters', � and � in the j � jYp� norm, or equivalently, in the j � jW 1;p� norm.We 
omment that, under our assumptions, its is easy to show that the solution, x('; �; �), depends
ontinuously on ', � and � in theW 1;1� norm, in fa
t, the map ('; �; �) 7! x('; �; �) is lo
ally Lips
hitz-
ontinuous as a map W 1;1 ����!W 1;1� . (See, e.g., [5℄.)5 Di�erentiability of the 
omposition operatorClearly, in order to apply Lemma 4.2 and Theorem 3.5 to obtain di�erentiability of solutions wrtparameters, i.e., to obtain di�erentiability of the operator S(y; '; �; �) wrt its arguments, it is ne
essaryto have some kind of 
ontinuous di�erentiability of �(t;  ; �) wrt  and �. It turns out that we needdi�erentiability of the following 
omposition operator. Fix 1 � p < 1, 0 < � � T �nite, Æ4, Æ5 > 0,and let x� 2 W 1;1� and �� 2 
5 su
h that xt 2 
4 for t 2 [0; �℄. We de�ne the 
omposition operatorB� 
orresponding to the delayed term � byB� : �GW 1;1� (x�; Æ4)�G�(��; Æ5) � Xp����! Lp0;�; B�(x; �)(t) � �(t; xt; �); t 2 [0; �℄: (5.1)Similarly, we de�ne the 
omposition map B� 
orresponding to �:B� : �GW 1;1� (x�; Æ4)� G�(��; Æ5)�W 1;1� � Xp� ���Xp��! Lp0;�;B�(x; �; z)(t) � �(t; xt; �; zt); t 2 [0; �℄: (5.2)Our goal in this se
tion is to give 
onditions guaranteeing that(P) x� 2 W 1;1� , �� 2 
5, Æ4 > 0 and Æ5 > 0 are su
h that the 
omposition operator B� is 
ontinuouslydi�erentiable wrt x wrt the set GW 1;1� (x�; Æ4) (in the sense of De�nition 3.3), and wrt � onGW 1;1� (x�; Æ4)� G�(��; Æ5).Assuming that B�(x; �; z) has 
ontinuous partial derivatives wrt x and wrt the set GW 1;1� (x�; Æ4),and wrt � and z, relation B�(x; �) = B�(x; �; x) yields that�B��x (x; �) = �B��x (x; �; x) + �B��z (x; �; x); (5.3)and �B��� (x; �) = �B��� (x; �; x): (5.4)Therefore, to obtain (P), it is enough to show that B�(x; �; z) has 
ontinuous partial derivatives wrtx and wrt the set GW 1;1� (x�; Æ4), and wrt � and z on GW 1;1� (x�; Æ4) � G�(��; Æ5) �W 1;1� for somex� 2W 1;1� , �� 2 
5, Æ4 > 0 and Æ5 > 0.Sin
e B�(x; �; z)(t) = z(t� �(t; xt; �)), �rst we study the smoothness of the map t 7! �(t; xt; �).14



Lemma 5.1 Assume (A2) (i){(iii), and let x 2 W 1;1� and � 2 
5 be su
h that xt 2 
4 for t 2 [0; �℄.Then the fun
tion t 7! �(t; xt; �) is Lips
hitz-
ontinuous, and therefore a.e. di�erentiable on [0; �℄.Proof Let M4 � fxt : t 2 [0; �℄g, and M5 � f�g. Then M4 is a 
ompa
t subset of C, and M4 � 
4.Let L2 = L2(�;M4;M5) be the 
onstant from (A2) (ii), and t; �t 2 [0; �℄. Sin
e the set M4 is 
ompa
t,the inequalitiesj�(t; xt; �)� �(�t; x�t; �)j � j�(t; xt; �)� �(�t; xt; �)j + j�(�t; xt; �)� �(�t; x�t; �)j� �sup��������t (u;  ; �)���� : u 2 [0; �℄;  2M4�+ L2jxjW 1;1� � jt� �tj;prove the lemma.For " > 0, � 2 
5 and 0 < � � T we de�ne the setX("; �; �) � nx 2 W 1;1� : xt 2 
4 for t 2 [0; �℄; the map t 7! t� �(t; xt; �) is di�erentiablefor a.e. t 2 [0; �℄; and ddt�t� �(t; xt; �)� � " for a.e. t 2 [0; �℄o: (5.5)Lemma 5.2 Assume (A2) (i){(iv), and let x� 2 X("�; ��; �) for some "� > 0 and �� 2 
5. Thenthere exist positive 
onstants Æ4, Æ5 and " su
h that GW 1;1� (x�; Æ4) � X("; �; �) for all � 2 G�(��; Æ5),and G�(��; Æ5) � 
5.Proof It is enough to show that there exist Æ4 > 0 and Æ5 > 0 su
h thatfxt : t 2 [0; �℄; x 2 GW 1;1� (x�; Æ4)g � 
4; G�(��; Æ5) � 
5; (5.6)and there exist " > 0 and Æ > 0 su
h that�(t+ h; xt+h; �)� �(t; xt; �)h � 1� "; for 0 < jhj � Æ; x 2 GW 1;1� (x�; Æ4);� 2 G�(��; Æ5); and a.e. t 2 [0; �℄: (5.7)In fa
t, if (5.6) holds, then the map t 7! �(t; xt; �) is de�ned for t 2 [0; �℄, hen
e Lemma 5.1 yields thatit is a.e. di�erentiable, and therefore, by (5.7), ddt�(t; xt; �) � 1� " for a.e. t 2 [0; �℄, i.e., x 2 X("; �; �)for all x 2 GW 1;1� (x�; Æ4) and � 2 G�(��; Æ5).The set M�4 � fx�t : t 2 [0; �℄g � 
4 is a 
ompa
t subset of C, 
4 is open in C, therefore thereexists Æ�4 > 0 su
h that GC�(M�4 ; Æ�4) � 
4, and hen
e fxt : t 2 [0; �℄; x 2 GW 1;1� (x�; Æ�4)g � 
4. Theexisten
e of Æ�5 satisfying G�(��; Æ�5) � 
5 is obvious sin
e 
5 is open.The 
ontinuity of ���t and ��� yield that the fun
tion (t;  ) 7! �(t;  ; �) is di�erentiable, i.e., thefun
tion !(�t; � ; �; t;  ) � �(t;  ; �) � �(�t; � ; �) � ���t (�t; � ; �)(t� �t)� ��� (�t; � ; �)( � � )satis�es j!(�t; � ; �; t;  )jjt� �tj+ j � � jC ! 0; as t! �t; j � � jC ! 0: (5.8)We have�(t+h; x�t+h; ��)��(t; x�t ; ��) = ���t (t; x�t ; ��)h+ ��� (t; x�t ; ��)(x�t+h�x�t )+!(t; x�t ; ��; t+h; x�t+h): (5.9)15



Relations (5.8) and jx�t+h � x�t jC ! 0 as h! 0 imply that!(t; x�t ; ��; t+ h; x�t+h)h = !(t; x�t ; ��; t+ h; x�t+h)jhj+ jx�t+h � x�t jC � jhj+ jx�t+h � x�t jCh� !(t; x�t ; ��; t+ h; x�t+h)jhj+ jx�t+h � x�t jC (1 + jx�jW 1;1� ) (5.10)! 0; as h! 0: (5.11)Sin
e x� 2 X("�; ��; �), i.e., ddt�(t; x�t ; ��) � 1 � "� for a.e. t 2 [0; �℄, it follows from (5.9) and (5.11)that there exist "�� > 0 and Æ� > 0 su
h that���t (t; x�t ; ��) + ��� (t; x�t ; ��)x�t+h � x�th � 1� "��; 0 < jhj < Æ�; a.e. t 2 [0; �℄: (5.12)Consider�(t+ h; xt+h; �)� �(t; xt; �)= ���t (t; xt; �)h+ ��� (t; xt; �)(xt+h � xt) + !(t; xt; �; t+ h; xt+h)= ���t (t; x�t ; ��)h+ ��� (t; x�t ; ��)(x�t+h � x�t )+ ����t (t; xt; �)� ���t (t; x�t ; ��)�h+� ��� (t; xt; �)� ��� (t; x�t ; ��)� (xt+h � xt)+ ��� (t; x�t ; ��)(xt+h � x�t+h � (xt � x�t )) + !(t; xt; �; t+ h; xt+h): (5.13)Let M4 � fxt : t 2 [0; �℄; x 2 GW 1;1� (x�; Æ�4)g, and M5 � G�(��; Æ�5). Then, by Arsela-As
oli's lemma,the set M4 is 
ompa
t in C. Let L2 = L2(�;M4;M5) and L3 = L3(�;M4;M5) be the 
onstants from(A2) (ii) and (iii), respe
tively. Let x 2 GW 1;1� (x�; Æ�4), and � 2 G�(��; Æ�5). Then assumption (A2)(ii) and (iii), the Mean Value Theorem, Lemma 3.6 (iv) and (vii), the 
ompa
tness of M4, (5.12) and(5.13) imply for 0 < jhj < Æ�:�(t+ h; xt+h; �)� �(t; xt; �)h� 1� "�� + �������t (t; xt; �)� ���t (t; x�t ; ��)����+ 



 ��� (t; xt; �)� ��� (t; x�t ; ��)



L(C;R) jxt+h � xtjCjhj+ 



 ��� (t; x�t ; ��)



L(C;R) jxt+h � x�t+h � (xt � x�t )jCjhj + j!(t; xt; �; t+ h; xt+h)jjhj� 1� "�� + L3�jxt � x�t jC + j� � ��j��+ L3�jxt � x�t jC + j� � ��j��j _xjL1�+ 



 ��� (t; x�t ; ��)



L(C;R) j _x� _x�jL1� + j!(t; xt; �; t+ h; xt+h)jjhj� 1� "�� + L3��jx� x�jW 1;1� + j� � ��j��+ L3��jx � x�jW 1;1� + j� � ��j��(jx�jW 1;1� + Æ�4)+ sup(



 ��� (u;  ; ��)



L(C;R) : u 2 [0; �℄;  2M4) jx� x�jW 1;1� + j!(t; xt; �; t+ h; xt+h)jjhj :(5.14)Sin
e, similarly to (5.11), j!(t; xt; �; t + h; xt+h)j=jhj ! 0 as h ! 0 for all x 2 GW 1;1� (x�; Æ�4), and� 2 G�(��; Æ�5), (5.14) yields the existen
e of " > 0, Æ > 0, 0 < Æ4 � Æ� and 0 < Æ5 � Æ�5 satisfying (5.7).This 
on
ludes the proof of the lemma.We re
all the following result from [1℄. 16



Lemma 5.3 Let g 2 Lp�, " > 0, and u 2 A � fv 2 W 1;1([0; �℄; [�r; �℄) : _v(s) � " for a.e. s 2 [0; �℄g.Then Z �0 jg(u(s))jp ds � 1" jgjpLp� :Moreover, if uk 2 A is su
h that juk � ujC([0;�℄;R) ! 0 as k !1, thenlimk!1 Z �0 ���g(uk(s))� g(u(s))���p ds = 0:Note that the se
ond part of the lemma was stated in [1℄ with the assumption that uk ! u in theW 1;1-norm, but in the proof it was used only that uk ! u in the C-norm.Let x� 2 W 1;1� be su
h that x� 2 X("�; ��; �) for some "� > 0, �� 2 
5 and � > 0, and Æ4 and Æ5be the 
onstants 
orresponding to x� and �� from Lemma 5.2. The next lemma shows that x�, ��, Æ4and Æ5 satisfy property (P).Lemma 5.4 Assume (A2), and let x� 2 X("�; ��; �) for some "� > 0, �� 2 
5 and � > 0. Let Æ4and Æ5 be the 
onstants 
orresponding to x� and �� from Lemma 5.2. Then the 
omposition operatorB�(x; �; z) de�ned by (5.2) has 
ontinuous partial derivatives wrt x and wrt the set GW 1;1� (x�; Æ4), andwrt � and z for x 2 GW 1;1� (x�; Æ4), � 2 G�(��; Æ5) and z 2 Xp�. Moreover, �B��z (x; �; z)z = Bz(x; �; z),�B��x (x; �; z) = Bx(x; �; z) and �B��� (x; �; z) = B�(x; �; z), whereBz(x; �; z)h � B�(x; �; h); h 2 Xp�; (5.15)(Bx(x; �; z)h)(t) � � _z(t� �(t; xt; �)) ��� (t; xt; �)ht; h 2 Xp�; a.e. t 2 [0; �℄; (5.16)and (B�(x; �; z)h)(t) � � _z(t� �(t; xt; �))���� (t; xt; �)h; h 2 �; a.e. t 2 [0; �℄: (5.17)Proof We will use the notations M4 � fxt : t 2 [0; �℄; x 2 GW 1;1� (x�; Æ4)g and M5 � G�(��; Æ5)throughout this proof. Arsela-As
oli's lemma implies thatM4 is a 
ompa
t subset of C, and Lemma 5.2yields that M4 � 
4 and M5 � 
5. Let L2 = L2(�;M4;M5) and L3 = L3(�;M4;M5) be the 
onstantsfrom (A2) (ii) and (iii), respe
tively.First we show that the linear operator Bz(x; �; z) : Xp� ! Lp0;� de�ned by (5.15) is bounded. Leth 2 Xp�, x 2 GW 1;1� (x�; Æ4), � 2 G�(��; Æ5), and z 2 Xp�. Sin
e, by Lemma 5.2, x 2 X("; �; �),Lemma 5.3 and Lemma 3.8 (i) implyjBz(x; �; z)hjLp0;� = �Z �0 jh(t� �(t; xt; �))jpdt�1=p � 1"1=p jhjLp� � 
1"1=p jhjXp� ;whi
h shows the boundedness of Bz(x; �; z). Sin
e the map z 7! B�(x; �; z) is linear, it is obvious thatthe bounded linear operator Bz(x; �; z) de�ned by (5.15) is the partial derivative of B�(x; �; z) wrt z.Next we show the 
ontinuity of �B��z (x; �; z) wrt x, � and z. First we 
omment that �B��z (x; �; z)is independent of z. Let x; �x 2 GW 1;1� (x�; Æ4), �; �� 2 G�(��; Æ5), z; �z 2 Xp�, and h 2 Xp�. Sin
e h isabsolutely 
ontinuous, the de�nition of �B��z yields�����B��z (x; �; z)h� �B��z (�x; ��; �z)h����pLp0;� = jB�(x; �; h) �B�(�x; ��; h)jpLp0;�= Z �0 jh(t� �(t; xt; �))� h(t� �(t; �xt; ��))jp dt= Z �0 �����Z t��(t;xt;�)t��(t;�xt;��) _h(s) ds�����p dt:17



Using the substitution s(u) = t� �(t; �xt; ��) + u(�(t; �xt; ��)� �(t; xt; �)), we get�����B��z (x; �; z)h� �B��z (�x; ��; �z)h����pLp0;�= Z �0 ����Z 10 _h�t� �(t; �xt; ��) + u(�(t; �xt; ��)� �(t; xt; �))���(t; �xt; ��)� �(t; xt; �)�du����p dt� Z �0 ����(t; xt; �)� �(t; �xt; ��)���p ����Z 10 ��� _h�t� �(t; �xt; ��) + u(�(t; �xt; ��)� �(t; xt; �))���� du����p dt:Using that xt; �xt 2 M4 for t 2 [0; �℄, x; �x 2 GW 1;1� (x�; Æ4), the fa
t that �; �� 2 M5, and the fun
tion(u; t) 7! _h�t� �(t; �xt; ��)+u(�(t; �xt; ��)� �(t; xt; �))� is integrable on [0; 1℄� [0; �℄, assumption (A2) (ii),H�older's inequality and Fubini's theorem we obtain�����B��z (x; �; z)h� �B��z (�x; ��; �z)h����pLp0;�� Lp2�jx� �xjC� + j� � ��j��pZ �0 Z 10 ��� _h�t� �(t; �xt; ��) + u(�(t; �xt; ��)� �(t; xt; �))����pdu dt= Lp2�jx� �xjC� + j� � ��j��pZ 10 Z �0 ��� _h�t� �(t; �xt; ��) + u(�(t; �xt; ��)� �(t; xt; �))����pdt du: (5.18)Sin
e x 2 X("; �; �) and �x 2 X("; ��; �), it follows for u 2 [0; 1℄ and a.e. t 2 [0; �℄ thatddt�t��(t; �xt; ��)+u(�(t; �xt; ��)��(t; xt; �))� = u ddt�t��(t; xt; �)�+(1�u) ddt�t��(t; �xt; ��)� > "; (5.19)therefore (5.18), Lemma 3.8 (i), (iii) and Lemma 5.3 imply that�����B��z (x; �; z)h� �B��z (�x; ��; �z)h����Lp0;� � L2"1=p�jx� �xjC� + j� � ��j��j _hjLp�� L2
1"1=p �
3jx� �xjXp� + j� � ��j��jhjXp� ;i.e., 



�B��z (x; �; z) � �B��z (�x; ��; �z)



L(Xp�;Lp0;�) � L2
1"1=p �
3jx� �xjXp� + j� � ��j��: (5.20)Hen
e �B��z is 
ontinuous (in fa
t it is Lips
hitz-
ontinuous) on its domain.Now we show that the linear operator Bx(x; �; z) : Xp� ! Lp0;� de�ned by (5.16) is the partialderivative of B� wrt x. The boundedness of Bx(x; �; z) follows from Lemma 3.8 (iii) and from theestimates jBx(x; �; z)hjLp0;� = �Z �0 ���� _z(t� �(t; xt; �)) ��� (t; xt; �)ht����p dt�1=p� jzjW 1;1� sup0�t�� 



 ��� (t; xt; �)



L(C;R) �1=pjhjC�� jzjW 1;1� sup0�t�� 



 ��� (t; xt; �)



L(C;R) �1=p
3jhjXp� :18



Let x 2 GW 1;1� (x�; Æ4) and h 2 Xp� su
h that x + h 2 GW 1;1� (x�; Æ4). Elementary manipulations yieldthat jB�(x+ h; �; z)� B�(x; �; z)�Bx(x; �; z)hjpLp0;�= Z �0 ����z(t� �(t; xt + ht; �))� z(t� �(t; xt; �)) + _z(t� �(t; xt; �)) ��� (t; xt; �)ht����p dt= Z �0 ����Z t��(t;xt+ht;�)t��(t;xt;�) � _z(s)� _z(t� �(t; xt; �))� ds+ _z(t� �(t; xt; �))��(t; xt; �)� �(t; xt + ht; �) + ��� (t; xt; �)ht�����p dt= Z �0 ����Z 10 � _z�t� �(t; xt; �) + u(�(t; xt; �)� �(t; xt + ht; �))�� _z(t� �(t; xt; �))�� (�(t; xt; �)� �(t; xt + ht; �)) du+ _z(t� �(t; xt; �))��(t; xt; �)� �(t; xt + ht; �) + ��� (t; xt; �)ht�����p dt:Then by the triangle and H�older's inequalities it follows thatjB�(x+ h; �; z)�B�(x; �; z)�Bx(x; �; z)hjLp0;�� �Z �0 ����(t; xt; �) � �(t; xt + ht; �)���p Z 10 ��� _z�t� �(t; xt; �) + u(�(t; xt; �)� �(t; xt + ht; �))�� _z(t� �(t; xt; �))���p du dt�1=p+ �Z �0 ��� _z(t� �(t; xt; �))���p�����(t; xt; �)� �(t; xt + ht; �) + ��� (t; xt; �)ht����p dt�1=p : (5.21)Consider the �rst term of the right hand side of (5.21). Sin
e x + h 2 GW 1;1� (x�; Æ4), we have thatxt; xt + ht 2M4 for t 2 [0; �℄. Then (A2) (ii), Fubini's theorem, and Lemma 3.8 (iii) imply that�Z �0 ����(t; xt; �)� �(t; xt + ht; �)���p Z 10 ��� _z�t� �(t; xt; �) + u(�(t; xt; �)� �(t; xt + ht; �))�� _z(t� �(t; xt; �))���p du dt�1=p� L2jhjC��Z �0 Z 10 ��� _z�t� �(t; xt; �) + u(�(t; xt; �)� �(t; xt + ht; �))�� _z(t� �(t; xt; �))���pdu dt�1=p� L2
3jhjXp��Z 10 Z �0 ��� _z�t� �(t; xt; �) + u(�(t; xt; �)� �(t; xt + ht; �))�� _z(t� �(t; xt; �))���pdt du�1=p:(5.22)Lemma 5.3 yields thatZ �0 ��� _z�t� �(t; xt; �) + u(�(t; xt; �) � �(t; xt + ht; �))�� _z(t� �(t; xt; �))���p dt! 0;as jhjXp� ! 0, sin
e, using Lemma 3.8 (iii),���t� �(t; xt; �) + u(�(t; xt; �)� �(t; xt + ht; �))� (t� �(t; xt; �))��� = u����(t; xt; �)� �(t; xt + ht; �)���� uL2jhtjC� uL2
3jhjXp�! 0; as jhjXp� ! 0;19



and be
ause, similarly to (5.19), we 
an show thatddt�t� �(t; xt; �) + u(�(t; xt; �)� �(t; xt + ht; �))� � " for a.e. t 2 [0; �℄:Sin
e z 2 W 1;1� , we get that the fun
tionu 7! Z �0 ��� _z�t� �(t; xt; �) + u(�(t; xt; �)� �(t; xt + ht; �))�� _z(t� �(t; xt; �))���p dtis bounded on [0; 1℄, therefore the Lebesgue's Dominated Convergen
e Theorem yields thatZ 10 Z �0 ��� _z�t� �(t; xt; �) + u(�(t; xt; �)� �(t; xt + ht; �))�� _z(t� �(t; xt; �))���p dt du! 0; as jhjXp� ! 0:(5.23)Consider the se
ond term of the right hand side of (5.21). Applying Lemma 2.1, (A2) (iv), Lemma 3.8(i) and (iii), Lemma 5.3, and that x 2 X("; �; �), we get�Z �0 ��� _z(t� �(t; xt; �))���p�����(t; xt; �)� �(t; xt + ht; �) + ��� (t; xt; �)ht����p dt�1=p�  Z �0 ��� _z(t� �(t; xt; �))���p sup0���1



 ��� (t; xt + �ht; �)� ��� (t; xt; �)



pL(C;R)jhtjpC dt!1=p� L3�Z �0 ��� _z(t� �(t; xt; �))���pjhtj2pC dt�1=p� L3jhj2C� �Z �0 ��� _z(t� �(t; xt; �))���p dt�1=p� L3"1=p jhj2C� j _zjLp�� L3
1
23"1=p jhj2Xp� jzjXp� : (5.24)Combining (5.21), (5.22), (5.23) and (5.24), we get that1jhjXp� jB�(x+ h; �; z)�B�(x; �; z) �Bx(x; �; z)hjLp0;�� L2
3�Z 10 Z �0 ��� _z�t� �(t; xt; �) + u(�(t; xt; �)� �(t; xt + ht; �))�� _z(t� �(t; xt; �))���p dt du�1=p+ L3
1
23"1=p jhjXp� jzjXp�! 0; as jhjXp� ! 0;whi
h proves that �B��x (x; �; z) = Bx(x; �; z).Next we show that �B��x is 
ontinuous on GW 1;1� (x�; Æ4)� G�(��; Æ5)�Xp�. Consider�����B��x (x; �; z)h� �B��x (�x; ��; �z)h����Lp0;�= �Z �0 ��� _z(t� �(t; xt; �)) ��� (t; xt; �)ht � _�z(t� �(t; �xt; ��)) ��� (t; �xt; ��)ht���p dt�1=p� �Z �0 ��� _z(t� �(t; xt; �)) � _�z(t� �(t; �xt; ��))���p��� ��� (t; xt; �)ht���p dt�1=p+ �Z �0 ��� _�z(t� �(t; �xt; ��))���p��� ��� (t; xt; �)ht � ��� (t; �xt; ��)ht���p dt�1=p : (5.25)20



Assumption (A2) (iv), Lemma 5.3, and Lemma 3.8 (i) and (iii) yield�����B��x (x; �; z)h� �B��x (�x; ��; �z)h����Lp0;�� �Z �0 ��� _z(t� �(t; xt; �)) � _�z(t� �(t; �xt; ��))���p


 ��� (t; xt; �)


pL(C;R)jhtjpC dt�1=p+ L3�Z �0 ��� _�z(t� �(t; �xt; ��))���p�jxt � �xtjC + j� � ��j��pjhtjpC dt�1=p� � max0�t��


 ��� (t; �xt; ��)


L(C;R) + L32(Æ4 + Æ5)� jhjC����Z �0 ��� _z(t� �(t; xt; �))� _�z(t� �(t; xt; �))���p dt�1=p+ �Z �0 ��� _�z(t� �(t; xt; �))� _�z(t� �(t; �xt; ��))���p dt�1=p�+ L3�jx� �xjC� + j� � ��j���1=pjhjC� j�zjW 1;1�� � max0�t��


 ��� (t; �xt; ��)


L(C;R) + L32(Æ4 + Æ5)� jhjC��� 1"1=p j _z � _�zjLp� +�Z �0 ��� _�z(t� �(t; xt; �))� _�z(t� �(t; �xt; ��))���p dt�1=p�+ L3�jx� �xjC� + j� � ��j���1=pjhjC� j�zjW 1;1�� � max0�t��


 ��� (t; �xt; ��)


L(C;R) + L32(Æ4 + Æ5)� 
3jhjXp��� 
1"1=p jz � �zjXp� +�Z �0 ��� _�z(t� �(t; xt; �)) � _�z(t� �(t; �xt; ��))���p dt�1=p�+ L3�
3jx� �xjXp� + j� � ��j���1=p
3jhjXp� j�zjW 1;1� ;whi
h, together with the 
ontinuity of ��� , the relationj�(t; xt; �)� �(t; �xt; ��)j � L2(
3jx� �xjXp� + j� � ��j�)! 0; as jx� �xjXp� ! 0; and � ! ��;and Lemma 5.3, implies the 
ontinuity of �B��x .The proof of �B��� (x; �; z) = B�(x; �; z) is analogous to that of �B��x (x; �; z) = Bx(x; �; z), and thereforeit is omitted here.6 Di�erentiability of solutions wrt parametersThe following lemma shows that property (P) of the previous se
tion yields the existen
e of 
ontinuouspartial derivatives of S(y; '; �; �) wrt y, ', � and � if we restri
t y to a 
ertain subset of its domain,and the derivative wrt y is taken in the sense of De�nition 3.3.Lemma 6.1 Assume (A1){(A3), and let 1 � p <1. Assume that '�, �� and �� satisfy (4.2). Let �,Æ1, Æ2, Æ3 be the 
onstants, and let M1, M2, M3, M4, M5, U and W be the sets from Lemma 4.2. Letx� 2W 1;1� be su
h that Pr' x� = '�, x� 2 X("; ��; �) for some " > 0, and y� 2 U , where y� � Pry x�.21



Then there exist 
onstants 0 < �Æ1 � Æ1, 0 < �Æ2 � Æ2, and 0 < �Æ3 � Æ3, and an open subset, U�, of Y1� ,su
h that U� � U , and the operatorS(y; '; �; �) : �U� � GW 1;1�'�; �Æ1�� G����; �Æ2�� G����; �Æ3� � Yp� �W 1;1 �����! Yp�de�ned by (4.3) has 
ontinuous partial derivatives wrt y and wrt the set U�, and wrt ', � and �on its domain. Moreover, let y 2 U�, ' 2 GW 1;1�'�; �Æ1�, � 2 G����; �Æ2�, and � 2 G����; �Æ3�.Then �S�y (y; '; �; �) = Sy(y; '; �; �), �S�' (y; '; �; �) = S'(y; '; �; �), �S�� (y; '; �; �) = S�(y; '; �; �) and�S�� (y; '; �; �) = S�(y; '; �; �), where(Sy(y; '; �; �)h) (t)� 8>>>><>>>>: 0; t 2 [�r; 0℄;Z t0 �f�v �u; y(u) + ~'(u);�(u; yu + ~'u; �); ��h(u)+ �f�w�u; y(u) + ~'(u);�(u; yu + ~'u; �); ����B��x (y + ~'; �)h�(u) du; t 2 [0; �℄; (6.1)h 2 Yp�;(S'(y; '; �; �)h) (t)� 8>>>><>>>>: 0; t 2 [�r; 0℄;Z t0 �f�v �u; y(u) + ~'(u);�(u; yu + ~'u; �); ��h(0)+ �f�w�u; y(u) + ~'(u);�(u; yu + ~'u; �); ����B��x (y + ~'; �)~h�(u) du; t 2 [0; �℄; (6.2)h 2W 1;1;(S�(y; '; �; �)h) (t) � 8<: 0; t 2 [�r; 0℄;Z t0 �f�� �u; y(u) + ~'(u);�(u; yu + ~'u; �); ��h du; t 2 [0; �℄; (6.3)h 2 �;(S�(y; '; �; �)h) (t)� 8<: 0; t 2 [�r; 0℄;Z t0 �f�w�u; y(u) + ~'(u);�(u; yu + ~'u; �); ����B��� (y + ~'; �)h�(u) du; t 2 [0; �℄; (6.4)h 2 �, where �f�v , �f�w and �f�� denote the partial derivatives of f(t; v; w; �) wrt v, w and �, respe
tively.Proof Let Æ4 and Æ5 be the 
onstants 
orresponding to x� and �� from Lemma 5.4. De�ne �Æ1 �minfÆ1; Æ4=2g, �Æ2 � Æ2 and �Æ3 � minfÆ3; Æ5g, and let �Æ6 > 0 be su
h that �Æ6 � Æ4=(2maxf�; 1g) andGY1� �y�; �Æ6� � U . Let U� � GY1� �y�; �Æ6�. Then, 
learly, U� � U , and U� is an open subset of Y1� .First note that the de�nitions of U� and �Æ1, and Lemma 3.6 (vii) yield for y 2 U� and ' 2GW 1;1�'�; �Æ1� that jy+~'�x�jW 1;1� � jy�y�jW 1;1� +j'�'�jW 1;1 � maxf�; 1gjy�y�jY1� +j'�'�jW 1;1 <Æ4, i.e., y + ~' 2 GW 1;1� (x�; Æ4) for y 2 U� and ' 2 GW 1;1�'�; �Æ1�: (6.5)Therefore �B��x (y + ~'; �) and �B��� (y + ~'; �) are well-de�ned for all y 2 U�, ' 2 GW 1;1�'�; �Æ1�, and� 2 G����; �Æ3�. Also 
omment that the sele
tions of �Æ1, �Æ2, �Æ3 and U� implies that (4.4) holds for all u 2[0; �℄, y 2 U�, ' 2 GW 1;1�'�; �Æ1�, � 2 G����; �Æ2�, and � 2 G����; �Æ3�. Let L1 = L1(�;M1;M2;M3),22



L2 = L2(�;M4;M5) and L3 = L3(�;M4;M5) be the 
onstants from (A1) (ii), (A2) (ii) and (iii),respe
tively. Assumption (A1) (ii) and (iii) imply that



�f�v (t; v; w; �)



 � L1; 



 �f�w (t; v; w; �)



 � L1; and 



�f�� (t; v; w; �)



L(�;Rn) � L1 (6.6)for t 2 [0; �℄, v 2M1, w 2M2, and � 2M3.Let y 2 U�, ' 2 GW 1;1�'�; �Æ1�, � 2 G����; �Æ2�, � 2 G����; �Æ3�. We show that the linear operatorSy(y; '; �; �) : Yp� ! Yp� de�ned by (6.1) is the partial derivative of S(y; '; �; �) wrt y. Let h 2 Yp�.The de�nition of Sy(y; '; �; �), (4.4) and (6.6), Lemma 3.6 (viii), and the relation jhjXp� = jhjYp� yieldjSy(y; '; �; �)hjYp�� �Z �0 �����f�v �u; y(u) + ~'(u);�(u; yu + ~'u; �); ��h(u)����p du�1=p+ �Z �0 ���� �f�w�u; y(u) + ~'(u);�(u; yu + ~'u; �); ����B��x (y + ~'; �)h�(u)����p du�1=p� L1jhjLp� + L1 �����B��x (y + ~'; �)h����Lp0;�� L1�jhjYp� + L1 



�B��x (y + ~'; �)



L(Xp�;Lp0;�) jhjYp� ; (6.7)whi
h shows the boundedness of Sy(y; '; �; �).Next we show that Sy(y; '; �; �) is the derivative of S(y; '; �; �) wrt y and wrt the set U� in thesense of De�nition 3.3. Let h 2 Yp� be su
h that y + h 2 U�, and 
onsiderjS(y + h; '; �; �)� S(y; '; �; �)� Sy(y; '; �; �)hjYp�= �Z �0 ����f�u; y(u) + ~'(u) + h(u);�(u; yu + hu + ~'u; �); ��� f�u; y(u) + ~'(u);�(u; yu + ~'u; �); ��� �f�v �u; y(u) + ~'(u);�(u; yu + ~'u; �); ��h(u)� �f�w�u; y(u) + ~'(u);�(u; yu + ~'u; �); ����B��x (y + ~'; �)h�(u)����p du�1=p: (6.8)Introdu
e the fun
tion!1(u; �v; �w; ��; v; w; �) � f(u; v; w; �)� f(u; �v; �w; ��)� �f�v (u; �v; �w; ��)(v � �v)� �f�w (u; �v; �w; ��)(w � �w)� �f�� (u; �v; �w; ��)(� � ��); (6.9)for u 2 [0; T ℄, v; �v 2 
1, w; �w 2 
2, and �; �� 2 
3. The 
ontinuity of �f�v �f�w and �f�w yield thatj!1(u; �v; �w; ��; v; w; �)jjv � �vj+ jw � �wj+ j� � ��j� ! 0; as v ! �v; w ! �w and � ! ��: (6.10)Assumption (A1) (ii) and (6.6) implyj!1(u; �v; �w; ��; v; w; �)j � 2L1�jv � �vj+ jw � �wj+ j� � ��j��; (6.11)for u 2 [0; �℄, v; �v 2M1, w; �w 2M2, �; �� 2M3. 23



Similarly, by property (P) (guaranteed by Lemma 5.4) and Lemma 3.4, the fun
tion!2(u; �x; ��;x; �) � �(u; xu; �)� �(u; �xu; ��)���B��x (�x; ��)(x � �x)�(u)���B��� (�x; ��)(� � ��)�(u);(6.12)whi
h is de�ned for u 2 [0; �℄, x; �x 2 GW 1;1� (x�; Æ4), �; �� 2 G����; �Æ3�, satis�es�R �0 j!2(u; �x; ��;x; �)jpdu�1=pjx� �xjXp� + j� � ��j� ! 0; as jx� �xjXp� ! 0; x 2 GW 1;1� (x�; Æ4); and � ! ��: (6.13)The de�nitions of !1 and !2, and the relations (6.5) and (6.8) yield thatjS(y + h; '; �; �)� S(y; '; �; �)� Sy(y; '; �; �)hjYp�� �Z �0 ���!1(u; y(u) + ~'(u);�(u; yu + ~'u; �); �; y(u) + h(u) + ~'(u);�(u; yu + hu + ~'u; �); �)���pdu�1=p+ �Z �0 ���� �f�w�u; y(u) + ~'(u);�(u; yu + ~'u; �); ��!2(u; y + ~'; �; y + h+ ~'; �)����pdu�1=p: (6.14)Using (4.4) and (6.6), estimate (6.14) implies that1jhjYp� jS(y + h; '; �; �)� S(y; '; �; �)� Sy(y; '; �; �)hjYp��  Z �0 ����!1(u; y(u) + ~'(u);�(u; yu + ~'u; �); �; y(u) + h(u) + ~'(u);�(u; yu + hu + ~'u; �); �)jhjYp� ����pdu!1=p+ L1�Z �0 ����!2(u; y + ~'; �; y + h+ ~'; �)jhjYp� ����p du�1=p : (6.15)We show �rst that j!1(�)j=jhjYp� in (6.15) 
onverges to zero pointwise as jhjYp� ! 0. It follows from theinequality jh(u)j � �1=q jhjYp� (guaranteed by Lemma 3.6 (i)) that y(u) + h(u) + ~'(u)! y(u) + ~'(u) asjhjYp� ! 0. Lemma 4.1 with L2 = L2(�;M4;M5), Lemma 3.6 (i), and (6.5) imply for y; y+h 2 U� thatj�(u; yu + hu + ~'u; �) � �(u; yu + ~'u; �)j � jhujC + L2j _yu + _~'ujL1 jhujC� (1 + L2(jx�jW 1;1� + Æ4))�1=q jhjYp�! 0; as jhjYp� ! 0:Therefore, relation (6.10), with an argument similar to (5.10), gives that j!1(�)j=jhjYp� in (6.15) 
onvergesto zero pointwise as jhjYp� ! 0. Next we show that j!1(�)j=jhjYp� in (6.15) is bounded on [0; �℄. Theprevious estimate and (6.11) yield for y; y + h 2 U� thatj!1(u; y(u) + ~'(u);�(u; yu + ~'u; �); �; y(u) + h(u) + ~'(u);�(u; yu + hu + ~'u; �); �)j� 2L1(jh(u)j+ j�(u; yu + hu + ~'u; �)� �(u; yu + ~'u; �)j)� 2L1�1=q(2 + L2(jx�jW 1;1� + Æ4))jhjYp� :Therefore the Lebesgue's Dominated Theorem yields that the �rst term in (6.15) goes to zero as jhjYp� !0. So does the se
ond term by (6.13), therefore we have proved that �S�y (y; '; �; �) = Sy(y; '; �; �).Next we show that �S�y (y; '; �; �) is 
ontinuous on its domain. Sele
t sequen
es yk 2 U�, 'k 2GW 1;1�'�; �Æ1�, �k 2 G����; �Æ2�, and �k 2 G����; �Æ3� su
h that jyk � yjYp� ! 0, j'k � 'jW 1;1 ! 0,24



�k ! � and �k ! � as k !1. Let h 2 Yp�. Elementary manipulations give�����S�y (yk; 'k; �k; �k)h� �S�y (y; '; �; �)h����Yp�� �Z �0 



�f�v (u; yk(u) + ~'k(u);�(u; yku + ( ~'k)u; �k); �k�� �f�v (u; y(u) + ~'(u);�(u; yu + ~'u; �); ��



pjh(u)jp du�1=p+ �Z �0 



 �f�w�u; yk(u) + ~'k(u);�(u; yku + ( ~'k)u; �k); �k�� �f�w (u; y(u) + ~'(u);�(u; yu + ~'u; �); ��



p������B��x (yk + ~'k; �k)h�(u)����p du�1=p+ �Z �0 



 �f�w (u; y(u) + ~'(u);�(u; yu + ~'u; �); ��



p� ������B��x (yk + ~'k; �k)h� �B��x (y + ~'; �)h�(u)����p du�1=p:Therefore, using (4.4), (6.6) and Lemma 3.6 (viii), we get



�S�y (yk; 'k; �k; �k)� �S�y (y; '; �; �)



L(Yp�;Yp�)� � sup0�u��



�f�v (u; yk(u) + ~'k(u);�(u; yku + ( ~'k)u; �k); �k�� �f�v (u; y(u) + ~'(u);�(u; yu + ~'u; �); ��



+ sup0�u��



 �f�w�u; yk(u) + ~'k(u);�(u; yku + ( ~'k)u; �k); �k�� �f�w (u; y(u) + ~'(u);�(u; yu + ~'u; �); ��







�B��x (yk + ~'k; �k)



L(Xp�;Lp0;�)+ L1



�B��x (yk + ~'k; �k)� �B��x (y + ~'; �)



L(Xp�;Lp0;�): (6.16)Lemma 3.6 (i) implies thatjyk(u) + ~'k(u)� y(u)� ~'(u)j � jyk(u)� y(u)j+ j ~'k(u)� ~'(u)j� �1=q jyk � yjYp� + j'k � 'jW 1;1! 0; as k !1: (6.17)Sin
e yk 2 U�, and 'k 2 GW 1;1�'�; �Æ1�, relation (6.5), Lemma 3.6 (iii), and Lemma 4.1 with L2 =L2(�;M4;M5) yield thatj�(u; yku + ( ~'k)u; �k)� �(u; yu + ~'u; �)j� jyku � yujC + j'k � 'jC + L2j _yu + _~'ujL1�jyku � yujC + j'k � 'jC + j�k � �j��� (1 + L2(jx�jW 1;1� + Æ4))��1=q jyk � yjYp� + j'k � 'jW 1;1 + j�k � �j��! 0; as k !1: (6.18)Sin
e �k ! �, the set M�3 � f�k : k 2 Ng [ f�g is a 
ompa
t subset of �, and hen
e the fun
tions �f�vand �f�w are uniformly 
ontinuous on the 
ompa
t set [0; �℄�M1�M2�M�3 . Consequently, (6.17) and25



(6.18) yield that the �rst and se
ond terms in the right hand side of (6.16) go to zero as k ! 1. Sodoes the third term, sin
e by (P), �B��x is 
ontinuous on GW 1;1� (x�; Æ4)�G����; �Æ3� (in the k�kL(Xp�;Lp0;�)norm). This 
ompletes the proof of the 
ontinuity of �S�y .The proof of �S�' (y; '; �; �) = S'(y; '; �; �) is similar. Clearly, the operator S'(y; '; �; �) de�ned by(6.2) is linear, and similarly to (6.7), we 
an getjS'(y; '; �; �)hjYp� � L1�1=pjhjW 1;1 + L1 



�B��x (y + ~'; �)



L(Xp�;Lp0;�) jhjW 1;1 ;whi
h implies the boundedness of S'(y; '; �; �).Let h 2 W 1;1, then using the de�nitions of !1 and !2, and the relations (4.4), (6.6) and (6.2), weget 1jhjW 1;1 jS(y; '+ h; �; �) � S(y; '; �; �)� S'(y; '; �; �)hjYp��  Z �0 �����!1(u; y(u) + ~'(u);�(u; yu + ~'u; �); �; y(u) + ~'(u) + ~h(u);�(u; yu + ~'u + ~hu; �); �)jhjW 1;1 �����pdu!1=p+ L1 Z �0 �����!2(u; y + ~'; �; y + ~'+ ~h; �)jhjW 1;1 �����p du!1=p : (6.19)Lemma 4.1 with L2 = L2(�;M4;M5) and (6.5) yield that for small h su
h that '+ h 2 GW 1;1�'�; �Æ1�j~h(t)j+ j�(t; yt + ~'t + ~ht; �)� �(t; yt + ~'t; �)j � (2 + L2(jx�jW 1;1� + Æ4))jhjC! 0; as jhjW 1;1 ! 0; (6.20)therefore j!1(�)j=jhjW 1;1 in (6.19) 
onverges to zero pointwise as jhjW 1;1 ! 0, and sin
e it is boundedby 2L1(2 +L2(jx�jW 1;1� + Æ4)), the Lebesgue's Dominated Convergen
e Theorem implies that the �rstterm in the right hand side of (6.19) goes to zero as jhjW 1;1 ! 0. Sin
e j~hjXp� = jhjW 1;1 , (6.13) yieldsthat �R �0 j!2(t; y + ~'; �; y + ~'+ ~h; �)jpdt�1=pjhjW 1;1 ! 0; as jhjW 1;1 ! 0;therefore S'(y; '; �; �) de�ned by (6.2) is really the partial derivative of S(y; '; �; �) wrt '.We show that �S�' (y; '; �;  ) is 
ontinuous on its domain. Let yk 2 U�, 'k 2 GW 1;1�'�; �Æ1�, �k 2G����; �Æ2�, and �k 2 G����; �Æ3� be sequen
es su
h that jyk� yjYp� ! 0, j'k�'jW 1;1 ! 0, �k ! � and�k ! � as k !1. Similarly to (6.16) we 
an show that



�S�' (yk; 'k; �k; �k)� �S�' (y; '; �; �)



L(W 1;1;Yp�)� �1=p sup0�u��



�f�v�u; yk(u) + ~'k(u);�(u; yku + ( ~'k)u; �k); �k�� �f�v�u; y(u) + ~'(u);�(u; yu + ~'u; �); ��



+ sup0�u��



 �f�w�u; yk(u) + ~'k(u);�(u; yku + ( ~'k)u; �k); �k�� �f�w�u; y(u) + ~'(u);�(u; yu + ~'u; �); ��







�B��x (yk + ~'k)



L(Xp�;Lp0;�)+ L1



�B��x (yk + ~'k; �k)� �B��x (y + ~'; �)



L(Xp�;Lp0;�);26



whi
h implies the 
ontinuity of �S�' , sin
e it is essentially the same as (6.16).Next we prove �S�� (y; '; �; �) = S�(y; '; �; �). The estimate jS�(y; '; �; �)hjYp� � L1�1=pjhj� impliesthe boundedness of the operator S�(y; '; �; �) : �! Yp�, de�ned by (6.3). Let h 2 �. One 
an obtain1jhj� jS(y; '; � + h; �)� S(y; '; �; �)� S�(y; '; �; �)hjYp��  Z �0 ����!1(u; y(u) + ~'(u);�(u; yu + ~'u; �); �; y(u) + ~'(u);�(u; yu + ~'u; �); � + h)jhj� ����pdu!1=p! 0; as jhj� ! 0;using Lebesgue's Dominated Convergen
e Theorem and (6.10). To prove 
ontinuity of �S�� , 
onsider



�S�� (yk; 'k; �k; �k)� �S�� (y; '; �; �)



L(�;Yp�)� �1=p sup0�u��



�f�� �u; yk(u) + ~'k(u);�(u; yku + ( ~'k)u; �k); �k�� �f�� �u; y(u) + ~'(u);�(u; yu + ~'u; �); ��



L(�;Rn)! 0; as k !1;using a uniform 
ontinuity argument, as before.It 
an be proved similarly that �S�� (y; '; �; �) = S�(y; '; �; �), the details are omitted.Theorem 6.2 Assume (A1){(A3). Let 1 � p < 1, and assume that '�, �� and �� satisfy (4.2).Then there exist � > 0, Æ�1 , Æ�2 , Æ�3 > 0 su
h that IVP (1.1)-(1.2) has a unique solution, x('; �; �)(�),on [0; �℄ 
orresponding to ' 2 GW 1;1('�; Æ�1), � 2 G�(��; Æ�2) and � 2 G�(��; Æ�3). Moreover, if x� �x('�; ��; ��) 2 X("; ��; �) for some " > 0, then the fun
tion�GW 1;1('�; Æ�1)� G�(��; Æ�2)� G�(��; Æ�3) �W 1;1 �����! Xp�; ('; �; �) 7! x('; �; �)is 
ontinuously di�erentiable wrt ', � and � on its domain.Proof Let the 
onstants Æ1, Æ2, Æ3, �, 
, and the sets U , W , M1, M2, M3, M4 and M5 be de�ned byLemma 4.2. Let L1 = L1(�;M1;M2;M3) and L2 = L2(�;M4;M5) be the 
onstants from (A1) (ii) and(A2) (ii), respe
tively.Theorem 4.3 implies that IVP (1.1)-(1.2) has a unique solution on [0; �℄ for ' 2 GW 1;1('�; Æ1),� 2 G�(��; Æ2) and � 2 G�(��; Æ3). Assume that x� � x('�; ��; ��) 2 X("; ��; �) for some " > 0. Lety� � Pry x�. Lemma 4.2 yields that y� is the unique �xed point of the operatorS(�; '�; ��; ��) : W !Wde�ned by (4.3). In parti
ular, we get that y� 2 W � U . Let the 
onstants �Æ1, �Æ2, �Æ3 and the set U�be de�ned by Lemma 6.1 
orresponding to x�. Re
all that U� was de�ned in the proof of Lemma 6.1as U� = GY1� �y�; �Æ6� for some �Æ6 > 0. De�ne W� � W \ GY1� (y�; Æ�6) for some 0 < Æ�6 < �Æ6. ThenW� � W , W� � U�, and W� is a 
losed subset of Yp� by Lemma 3.7. Sin
e W� � W , Lemma 4.2yields that S(�; '; �; �) restri
ted to W� is a uniform 
ontra
tion both in j � jY1� and j � jYp� norms,and the operator S(y; �; �; �) : GW 1;1�'�; �Æ1� � G����; �Æ2� � G����; �Æ3� ! Yp� is 
ontinuous for ally 2 W�. De�ne Æ�1 � minn�Æ1; Æ6(1 � 
)=(3L1(2 + L2jx�jW 1;1� )o, Æ�2 � minn�Æ2; Æ6(1 � 
)=(3L1)o andÆ�3 � minn�Æ3; Æ6(1� 
)=(3L1L2(jx�jW 1;1� + 1))o. Consider the operator S de�ned by (4.3) asS(y; '; �; �) : �U� � GW 1;1('�; Æ�1)� G�(��; Æ�2)� G�(��; Æ�3) � Yp� �W 1;1 �����! Yp�:27



Then Lemma 6.1 yields that S(y; '; �; �) is 
ontinuously di�erentiable wrt y and wrt the set U�, andwrt ', � and �. Next we show that S(�; '; �; �) : W� ! W� for all ', � and � of its domain. Lety 2 W�, ' 2 GW 1;1('�; Æ�1), � 2 G�(��; Æ�2) and � 2 G�(��; Æ�3). Sin
e W� � W , it follows fromLemma 4.2 that S(y; '; �; �) 2 W , hen
e we have to show only that S(y; '; �; �) 2 GY1� (y�; Æ�6). Usingthat y� = S(y�; '�; ��; ��), Lemma 4.2 (ii), assumptions (A1) (ii) and (A2) (ii), Lemma 4.1, and thede�nitions of Æ�1 , Æ�2 and Æ�3 , we get the estimatesjS(y; '; �; �)� y�jY1�= jS(y; '; �; �)� S(y�; '; �; �)jY1� + jS(y�; '; �; �)� S(y�; '�; ��; ��)jY1�� 
jy � y�jY1�+ ess sup0�u�� ���f(u; y�(u) + ~'(u);�(u; y�u + ~'u; �); �) � f(u; y�(u) + ~'�(u);�(u; y�u + ( ~'�)u; ��); ��)��� 
jy � y�jY1� + L1ess sup0�u���j ~'(u)� ~'�(u)j+ j�(u; y�u + ~'u; �)� �(u; y�u + ( ~'�)u; ��)j+ j� � ��j��� 
jy � y�jY1� + L1ess sup0�u���j ~'(u)� ~'�(u)j+ j ~'u � ( ~'�)ujC+ L2jx�jW 1;1� (j ~'u � ( ~'�)ujC + j� � ��j�) + j� � ��j��� 
jy � y�jY1� + L1�2j'� '�jW 1;1 + L2jx�jW 1;1� (j'� '�jW 1;1 + j� � ��j�) + j� � ��j��< 
Æ6 + L1(2 + L2jx�jW 1;1� )Æ�1 + L1Æ�2 + L1L2jx�jW 1;1� Æ�3� Æ6:Therefore S satis�es the 
onditions of Theorem 3.5, and hen
e the unique �xed point, y('; �; �), ofS(�; '; �; �) is 
ontinuously di�erentiable wrt ' 2 GW 1;1� (��; Æ�1), � 2 G�(��; Æ�2) and � 2 G�(��; Æ�3).The fun
tion y('; �; �) is the unique solution of (4.1), and therefore x('; �; �) � y('; �; �) + ~' is theunique solution of IVP (1.1)-(1.2), and it has 
ontinuous partial derivatives�x�' ('; �; �)h = �y�' ('; �; �)h + ~h; h 2W 1;1; (6.21)and �x�� ('; �; �) = �y�� ('; �; �); and �x�� ('; �; �) = �y�� ('; �; �): (6.22)To prove (6.21), it is enough to 
onsider the obvious relation����x('+ h; �; �)� x('; �; �) � �x�' ('; �; �)h����Xp�= ����y('+ h; �; �)� y('; �; �) � �y�' ('; �; �)h����Yp�:Sin
e by Lemma 3.8 (i) the j � jXp� norm is stronger than the j � jW 1;p� norm, the theorem has thefollowing 
orollary.Corollary 6.3 Assume the 
onditions of Theorem 6.2. Then x('; �; �) is 
ontinuously di�erentiablewrt ', � and � as a fun
tion�GW 1;1('�; Æ�1)� G�(��; Æ�2)� G�(��; Æ�3) �W 1;1 �����!W 1;p� ; ('; �; �) 7! x('; �; �):A
knowledgementThe authors would like to thank the referee whose suggestions and 
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