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Abstract

In this paper we consider a class of nonlinear neutral differential equations with state-
dependent delays. We study well-posedness and continuous dependence issues and differen-
tiability of the parameter map with respect to the initial function and other possibly infinite
dimensional parameters in a pointwise sense and also in the C' and W!*-norms.

1 Introduction

In this paper we consider state-dependent neutral functional differential equations (SD-NFDEs) of
the form

%(z(t) —glta(t =) = f(tan 2t —(t200).0)  te[0.T] (1.1)

with initial condition
:E(t) = (,D(t), te [_Tv 0] (12)

Here 8 € © and o € X represent parameters in the function f and in the delay function 7, where
© and ¥ are normed linear spaces with norms |- |g and | - |y, respectively. The solution segment
function x; is defined by z(s) = x(t + s), s € [-r,0]. (See Section 2 below for the detailed
assumptions on the initial value problem (IVP) (1.1)-(1.2).)

The study of state-dependent delay differential equations (SD-DDEs), i.e., the case when g =0
in (1.1) is an active research area. We refer to [22] for a recent survey on this topic with more than
220 references. In spite of that one of the first model appeared in the literature with state-dependent
delays, the mathematical model for a two-body problem of classical electrodynamics introduced by
Driver [8, 9, 10] involves NFDEs with state-dependent delays, much less work is devoted to SD-
NFDEs [1, 3, 4, 6, 12, 21, 26, 34, 35]. Most of the above papers deal with SD-NFDEs of the
form

2 (8) = h(t 2 (), o(t = 7(t, 2(1),2 (t = ot 2(1))) ). (1.3)

This equation is called in [29] as “explicit” SD-NFDE contrary to the “implicit” SD-NFDE (1.1).
Well-posedness of such “explicit” SD-NFDEs was investigated in [11, 25].
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Our equation (1.1) can be considered as a natural “generalization” of the “usual” NFDEs with
time-dependent delays of the form

d
ED(tawt) = f(th't)? (14)

but (1.4) may also contain (1.1) depending on appropriate conditions on D and f, like in [22].
The basic well-posedness theory for several classes of (1.4), especially for the linear case, is well-

developed [2, 5, 14, 16, 31]. Existence, uniqueness and numerical approximation of solutions was
studied in [20] for SD-NFDEs of the form

& () — a0yt — ott,2(0) = 5 (1 2(0), 20t — 7(2,2(1)))
and numerical approximation issues were discussed in [29] for such equations.

Differentiability of solutions with respect to (wrt) parameters is an important qualitative ques-
tion, but it also has natural application in the problem of identification of parameters (see [19]).
But even for simple constant delay equations this problem leads to technical difficulties if the pa-
rameter is the delay. Namely, at some point in the proof it is needed to compute the derivative
of a composite function when the outer function is not differentiable, it is only Lipschitz continu-
ous. To overcome these technicalities, Hale and Ladeira [15] proved differentiability of the solution
wrt the delay using the W! norm on the state space of solutions. The W!P-norm of a function
Y: [—r,0] — R™ is defined by |[¢|y1.p = (ff]r [(s)P + ]1/'1(3)\1’ ds) 1/p, 1<p< .

The same difficulty arises in SD-DDEs. The case when the solution corresponding to a param-
eter is continuously differentiable can be treated relatively easily, and it was investigated in [18].
Related is the work of Walther [32, 33|, where the well-posedness of autonomous SD-DDEs is ob-
tained restricting the state-space of solutions to the space of continuously differentiable functions.
Walther also obtained differentiability of the solution with respect to the initial function in this
space. Differentiability of solutions of SD-DDEs wrt parameters under less restrictive conditions
was investigated in [23] in the case when the solutions are not continuously differentiable, only
Lipschitz continuous functions. In this case differentiability wrt the parameters was obtained in
the WP norm.

The organization of the paper is the following. In Section 2 we introduce some notations,
assumptions and formulate some basic results will be used in the rest of the paper. In Section 3
we discuss well-posedness of the IVP (1.1)-(1.2), and then in Section 4, using and improving the
method of [18] applied for SD-DDEs, we study differentiability of solutions wrt parameters for the
IVP (1.1)-(1.2) in a pointwise-sense and using the C' and W1>°-norms on the state-space.

The parameters we consider in this paper are restricted to the initial function and other pa-
rameters in the function f and in the delay function 7. The dependence of the solution on 7 (or
some parts of 7)) is somewhat more complicated. A simple example was given in [28] to show that
a solution may not be differentiable wrt 1 even when both delays are constants.

Note that for simplicity we present our results for the single delay case, but all our results can
be easily extended to the multiple delay case.

2 Notations, assumptions and preliminaries

Throughout this paper a fixed norm on R™ and the corresponding matrix norm on R™*™ are both
denoted by |- |.



In a normed linear space (X, |- |x) the open ball around a point zp with radius R is denoted
by Bx(zo; R), i.e., Bx(zo; R) = {x € X : |z — z9|x < R}, and the corresponding closed ball
by Bx(xo; R). Similarly, an open neighborhood of a set M C X with radius R is denoted by
Bx(M; R), i.e., Bx(M; R) = {z € X : there exists y € M such that |x — y|x < R}. The closure
of this neighborhood is denoted by Bx (M; R).

The space of continuous functions from [—r,0] to R™ and the usual supremum norm on it
are denoted by C and | - |, respectively. The L*°-norm of an absolutely continuous function
Y [-r,0] — R is defined by |i)|p~ = esssup{|i(s)| : s € [-r,0]}. The space of absolutely
continuous functions from [—r, 0] to R™ with essentially bounded derivatives is denoted by W1,
The corresponding norm on W™ is |1h|yy1.00 = max{|t)|c, [¢)| 1o }.

The space of bounded linear operators between normed linear spaces X and Y is denoted by
L(X,Y), and the norm on it is | - [£(x y)-

The partial derivatives of a function F(x1,x2,...,x,) wrt its first, second, etc. arguments are
denoted by Dy F, DyF, etc., and the derivative of a single variable function v(¢) wrt ¢ is denoted
by ©. Note that all derivatives we use in this paper are Fréchet derivatives.

Next we list our assumptions on the SD-NFDE (1.1) and the associated initial function we will
use throughout this paper.

Let Q1 Cc C, Qo CR™ Q3 C O, Q4 C X, and Q5 C R™ be open subsets of the respective spaces.
T > 0 is finite or T' = oo, in which case [0, 7] denotes the interval [0,00). We assume:

(A1) (1) f: ([O,T] X x Qg x N3 CRxC xR x (9) — R" is continuous,

(ii) f(t,%,u,0) is locally Lipschitz continuous in %, u and 6 in the following sense: for
every finite a € (0,71], for every compact subsets M; C Q; and My C Q9 of C' and
R"™, respectively, and for every closed and bounded subset M3 C ()3 of © there exists a
constant Ly = Ly («, My, My, M3) such that

(0, u,0) = F(t0,5,0)] < L ([ = le + |u— 1l +10 - o).

for t € [0,a], v,¢ € My, u,@ € My and 6,0 € Ms,

(iii) f is continuously differentiable wrt its second, third and fourth variables;
(A2) (i) 7 ([O,T] X xQ CRxC x E) — R is continuous, and
0<7(t,¢,0) <, for t € [0,T], ¥ € Q1 and o € Qy,
(ii) 7(t,%,0) is locally Lipschitz continuous in ¢ and o in the following sense: for every finite

a € (0,7, for every compact subset My C ©; of C, and for every closed and bounded
subset My C 4 of ¥ there exists a constant Lo = Lo(cv, My, M) such that

7(t,,0) = 7(t,9,6)| < Lo (o = Plo + 1o = als)

for t € [0,a], ¥,9 € My and 0,6 € My,

(iii) 7 is continuously differentiable wrt its second and third variables,



(iv) Do7(t,v,0) and Ds7(t,v,0) are locally Lipschitz continuous in ¢ and o, i.e., for every
finite « € (0,7, for every compact subset M; C 5 of C, and for every closed and
bounded subset My C Q4 of ¥ there exists Ly = Ls(«, My, My) such that

|Dar(t,0,0) = Dar(t,6,0)| ey < La(o = dlo + 1o = als),

and

IN

|D37(t,9,0) — D37(t, ), 5)|c(2,R)

hold for all t € [0,a], ¥,% € M; and 0,6 € My;

Ly(jw = dlo + 1o — als)

(A3) o € Whee;

(Ad4) (i) ¢: ([O, T] x Q5 C R x R") — R is continuously differentiable wrt its both variables,

(ii) D1g and Dog are locally Lipschitz continuous, i.e., for every a € (0,7] and compact
subset M5 C Q5 of R™ there exists Ly = Ly(«, M5) such that |D;g(t,u) — D;g(t,a)| <
Lylu—a| fori=1,2,t € [0,a] and u,u € Ms,

(iii) D1g and Dyg are continuously differentiable wrt their second variables;
(A5) (i)
(ii

(iii

n: [0,7] — R is continuous,
) there exists a positive constant 79 such that 0 < ny < n(t) < r for t € [0,7T], and
) n is locally Lipschitz continuous on [0,7], i.e., for every finite o € (0,7] there exists
L5 = Ls(«) such that |n(t) — n(t)| < Ls|t —t| for ¢, ¢ € [0, ],

(iv) 7(0+4) exists.

Note that assumptions (A1)—(A3) are identical to those used in [23] for SD-DDEs, i.e., for the
case when g = 0. (See also [7] or [23] for well-posedness of SD-DDEs.) We refer to [23] for further
comments on the particular definition of local Lipschitz continuity we use in (A1) (ii) and (A2) (ii).

We introduce the following function:

A ([O,T] X QX Q CRxC x z) SR, A, 0) = p(—1(t,,0)).  (2.1)

With this notation we can rewrite (1.1) simply as:

© (o)~ g(t, 2t (1)) = (120 Alt,21,0).0), 1€ [0,7]

Let a > 0, My C Q4 be a compact subset of C, My C Q4 be a closed and bounded subset of X,
and Lo = Lo(a, M1, My) be the constant from (A2) (ii). It follows from the definition of A, (A2)
(ii) and the Mean Value Theorem that

‘A(tﬂ/% U) - A(t7¢= 6)‘ < W;(_T(t?wﬂj)) - @(—T(t,l[),a'))’ + W(—T(t7¢70)) - &(—T(EMU))‘
< Laldplwres ([ = dlo + o = als) + ¥ —dle (2.2)

for t € [0,a], ¢, € My, ¢p € WH*® and 0,5 € Mj.

We define the parameter space I' = W1 x ¥ x O, and use the notation v = (¢,0,6) or
v = (7%,77,7%) for the components of v € T, and |y|r = |p|y1.e + |o|g + |f|e for the norm on T.



The solution of the IVP (1.1)-(1.2) corresponding to a parameter v and its segment function at ¢
are denoted by x(t;7y) and z(-;7):, respectively.
Introduce the set of feasible parameters

HZ{(%J,@)ET:@GQl, o(—7(0,0,0)) €y, 03, o€y, 90(—77(0))695},

and define the parameter set

M= {(90,0,9) cll: pell, ¢0-)=Dig(0,0(—n(0)))

+ Dag(0, o(=n(0)3(=n(0))(1 = 7(0+)) + [(0,0, A0, ,0),6) }.

Note that analogous conditions were used for neutral FDEs in order to guarantee the existence of
a continuous semiflow on a subset of C'* in [27].

In the next lemma we formalize a method used frequently in functional inequalities (see, e.g.,
in [13]) and which will be used in the sequel, as well.

Lemma 2.1 Suppose g: [0,a] x [0,00)3 — [0,00) is monotone increasing in all variables, i.e., if
0<t;<s; fori=1,23,4, then g(t1,to,t3,t4) < g(s1,82,83,54); A: [0,a] — [0,00) is such that
Ao < A(t) fort €[0,a] for some Ao > 0; u: [—r,a] — [0,00) is such that

u(t) < g(t,u(t),u(t — A(t)), |utl o), t €0, q], (2.3)
and
luolc < g(0,u(0), u(=A(0)), [ug|c). (2.4)
Then
o(t) < g(t,v(t),v(t — Xo),v(t),  tel0,al, (2.5)

where v(t) = sup{u(s): s € [-r,t]}.

Proof It follows from (2.3), A\g < A(t), the definition of v(¢) and the monotonicity of g that if
0<s<t<a,then

u(s) < g(s,u(s),u(s = Als)), |uslc)
< g(S,’U(S),U( _)‘0)71)(3))
< gt u(t),v(t — o), v(t))-

Then taking the supremum of the left hand side for s € [0,¢] we get

sup{u(s): s € [0,t]} < g(t,v(t),v(t — No),v(t)).

This, combined with (2.4), implies (2.5). O

Finally, we recall the following two results which will be used later.



Lemma 2.2 (see [13]) Leta >0,b>0, r;1 >0, 7o >0, r = max{ry,r2}, and v: [0,a] — [0,00)
be continuous and nondecreasing. Let u: [—r,a] — [0,00) be continuous and satisfy the inequality

t
u(t) Sv(t)+bu(t—r1)—|—a/ u(s —ry)ds, t€[0,ql.
0
Then u(t) < d(t)e for t € [0,a], where c is the unique positive solution of che™"' + ae™ "™ = c,

and (0
u(t —cs
m, _Irr%%)éoe 'LL(S)} 5 te [0, Oé]

d(t) = max{

Lemma 2.3 (see, e.g., [30]) Suppose that X andY are normed linear spaces, and U is an open
subset of X, and F' : U —'Y is differentiable. Let x,y € U such that y+v(z—y) € U forv € [0,1].
Then

|F(y) — F(z) = F'(z)(y — )|y < |z —ylx S |F'(y +v(z —y) = F'(2)l(x,v)-

3 Well-posedness and continuous dependence on parameters

In this section we show that under the assumptions listed in the previous section the IVP (1.1)-(1.2)
has a unique solution which depends continuously on the parameters ¢, o and @ in the W5*-norm.

By a solution of the IVP (1.1)-(1.2) we mean a continuous function defined on an interval
[—7,a], such that (i) ¢t — x(t) — g(t,z(t — n(t))) is differentiable for ¢ € [0, @], (at the ends of the
interval one sided derivatives exist); (ii) z satisfies (1.1) for ¢ € [0, o], and (iii) = satisfies the initial
condition (1.2).

Theorem 3.1 Assume (A1) (i), (i), (A2) (i), (i), (A3), (A4) (i), (ii) and (A5) (i)-(iii), and let
v € II. Then there exist 6 > 0 and 0 < o < T finite numbers such that
(11) the IVP (1.1)-(1.2) has a unique solution xz(t;~) on [0,c] for all v € Br(7; 0);

(iii) there exist My C Qq1, Ma C Qg and M5 C Qs, compact subsets of C and R™, respectively, and
Ms C Q3 and My C Q4 closed and bounded subsets of © and X, respectively, such that

x(ﬂfY)t S M17 A(th'(ﬂf}/)tao') € M27 0 S M37 o c M47 and .Z'(t - T](t),"}/) € M5 (31)
fort €[0,al, v = (p,0,0) € Br(%; 6);
(iv) x(:;y); € Wh™ fort € 0,a], v € Br(%; §), and there exists L = L(a, ), such that

[2(57)e =25 )elwree < Lly =30 fort €[0,a], v € Br(3; 9). (3.2)

(v) Moreover assume (A5) (iv). Then the function x(-;v): [—r,a] — R™ is continuously differ-
entiable for v € M N Br(7; §).



Proof Since ¢ € Q1 and (2 is open in C, there exists e§ > 0 such that Bo(@; €1) C Q, therefore
By (@5 €5) C Q, as well. Q3 and 4 are open sets of their respective spaces, hence there exist
g3 > 0 and €4 > 0 such that Ms := Bg (é; 53) C Q3 and My := Bx(7; €4) C Q4. It follows from the
definition of II that ¢(—7(0,,7)) € a, moreover, )y is open in R”, so there exists €5 > 0 such
that Brn (¢(—7(0,$,5)); €5) C Q2. We have that By, (@; €}) is compact in C' by Arsela-Ascoli’s
Theorem since it is a bounded subset of W, Let L be the Lipschitz constant from (A2) (ii)
corresponding to any « > 0 and to the sets By, (@; €7) and My. Then applying (2.2) it follows

p(=7(0,,0)) = @(=7(0,%,7))| o = @le + La|@lwre(le — @le + o = als)

<
< (Laf@lwree + D(le — lwiee + o = 5ls)

for ¢, ¢ € By, (p; €f) and 0,6 € My. Let ef > 0 be such that Bgn (¢(—n(0)); €f) C Q5. From the
assumed continuity of 7 it follows that there exists 0 < oy < 19 such that |@(t —n(t)) —o(—n(0))] <
et/2for t € [0,ap]. Then t —n(t) <0 and p(t —n(t)) € Qs for t € [0, ap], and ¢ € By, (p; €£/2).
Let

61 = min(e], e5/(La|plwree + 1), €3, €4,65/2).
Then (i) holds with ¢ = d;.
Fix v = (¢, 0,0) € Br(7; 61). We can use the method of steps to show that the IVP (1.1)-(1.2)
corresponding to v has a unique solution. By assumption (A5) (ii) Equation (1.1) is equivalent to

d

dt
where A(t) = g(t,p(t —n(t))). Assumptions (A3), (A4) (i) and (A5) (iii) yield that A is Lipschitz
continuous, therefore it is also a.e. differentiable. Then z is also a.e. differentiable, since z — A is
differentiable. Hence it is easy to see that the equation is equivalent to the SD-DDE

(#(t) = A®)) = F(t.20, At 1,0),0)  for t € [0,m0],

() = At) + f(t,z, Alt,20,0),0),  ae. te0,mn) (3.3)

It follows from an obvious generalization of a result in [24] (see also [17]) that the IVP (3.3)-(1.2)
has a unique solution on an interval [—r, a1], @y < ng. If ay = np, repeating the previous step we
can extend the solution to [a1, as] with ag € [no, 21p], and so on. We get that the IVP (1.1)-(1.2)
corresponding to parameter v has a unique solution x(t;v) for ¢ € [—r, @] for some & = a(y) > 0.
Moreover, the above method of steps argument yields easily that z; € W™ for t € [0, &]. We will
show that () can be selected independently of v if 0 < 6 < §; is small enough.

Let ¥ = (¢,5,0) € I, and z(t;7) be the corresponding solution of the IVP (1.1)-(1.2) on an
interval [—r, a] for some o > 0. Define My = {z(;7)¢ : t € [0,a]}, My = {A(t,z(-;7),0) : t €
[0,a]}, and MZ = {x(t —n(t);5) : t € [0,a]}. Clearly M C Q; (i = 1,2,5). Moreover, M7,
M3 and M} are compact subsets of C' and R", respectively, since t — x(-;7)¢, t — A(t, 2(;9)¢, 0)
and t — x(t — n(t);7) are continuous functions on [0, «]. Therefore there exist ¢; > 0 (i = 1,2,5)
such that Bo(Mj; e1) C Qu, My := Bgrn(M3; e2) C Qo, and M = Brn(MZ; €5) C Qs, since €
(1 = 1,2,5) are open sets in C' and R", respectively. Clearly, My and M; are compact subsets
of R™. Let My = Byy1.00(M;; e1). We have M; C €1, and it is compact in C' by Arsela-Ascoli’s
Theorem.

Let Lo = Lo(cv, My, My) be the constant from (A2) (ii), and define

0y = min{51,€1,€2/(L2|(’5|W1,oo + 1),65}.



Let v = (¢,0,0) € Br(#; d2). Then, clearly, § € Mz and o0 € My. We have from (2.2) and the
definition of |- |r that |¢ — @l < o — @y <e1, [A(0,0,0) = A0, 8,5)| < Lo|@lweo (| — @lo+
lo —als) + ¢ — @lc < €2, and |p(—n(0)) —@(—n(0))| < e5. Therefore there exists 0 < @ < « such
that

[2(57)e —2(5T)ele <er, (A 2(57)e0) = AL 2(57),0)| < €2 (3-4)

and
(= n(t);y) —x(t —n(t);7)] < es (3.5)
for t € [0,a7].
Let Ly = Li(a, My, My, M3) and Lo = Lo(a, M1, My) be the constants from (A1) (ii) and (A2)
(ii), respectively, and
Ni = max{max{|Dig(t,u)| : t € [0,a], u € Ms},max{|Dag(t,u)| : t € [0,a], u € M5}}. (3.6)
We have for ¢ € [0,a7]:

lz(t;y) — z(t;7)|
< gt z(t —n(t);7) — gt z(t —n); 7)) + [»(0) = @(0)] + [9(0,(=n(0))) — g(0,6(—n(0)))]

/‘f 5, ,’7 8,1’(';’7)5,0'),9)—f(s,1‘(';’7)3,1\(8,1'(';’7)3,5'),9_)‘ds
< Nila(t = n(t);7) - 2(t = 92|+ (1+ M)l — Plo
#L1 [ (o651 = a5l + A 2(57)00) = Als,(59)2,9)] + 16— Fle) ds.
0

Let
Ny = max{max{|z(t;7)| : t € [-r,a]},esssup{|z(t;¥)| : t € [-r,a]}}. (3.7)

Then (2.2) yields
[A(s,2(57)5,0) = Als,2(59)5,0)| < LaNa(l(57)s = 2(59)sle + lo = 3l2) +[a(37)s —2(37)sle
for s € [0, "], therefore
o(ti) — (D) < Mlalt = (b)) = alt =00 D) + 1+ N)h = 3lr
+ L [ (l2)e = o3 Phle+ Lada(la(57). — ol Tl
+ |0 = 5ls) + [2(57)s = 2(59)sle + 1y = 7Ir ) ds

Lemma 2.1 yields

t
S(t;%v)éNlE(t—no;%v)+K1|7—7|r+K2/ £(s57,7)ds, te(0,a7],
0

where £(t;7,7v) = sup{|z(s;y) — z(s;%)| : s € [-r,t]} and K3 = 1+ Ny + Ly + L1LaNoaw and
K9 = L1(2 + LaN2). Applying Lemma 2.2 we get

z(t; ) — 2(t:9)] < Et7,7) < d(v,7)e,  te[-ral], (3.9)



where ¢ > 0 is the solution of ¢cN1e™“™ + Ky = ¢, and

N\ Kl‘fy_:}/’F cr -
d(’Yﬁ)—maX{m& lp—@le ¢

Therefore there exists K3 > 0 such that d(v,7) < Ks|y —7|r, so, combining this with (3.9), we get
lz(t;y) —z(EY) < Ly —Alr,  te[-ra’], 7€ Br(y; o), (3.10)
where L* = K3ze®. Inequality (3.8) yields
IA(s,2(;7)s,0) — A(s,2(;9)s,0)| < (LaNo(L* + 1) + L*) |y — 7r, s € 0,a7],

therefore if define 6 = min{ds,e1/L*, e2/(LaNo(L* + 1) + L*),e5/L*}, then o = « can be used in
(3.4) and (3.5) for v € Br(%; d), hence statements (ii) and (iii) of the theorem hold. Then (3.10)
yields

[2(37)e —2(5)le < L'y =Flr  fort € [0,a], 7€ Br(¥; 9). (3.11)
As we have seen, z(-;7) is a.e. differentiable, and (1.1) can be rewritten as
B(t;y) = Dig(t,x(t —n(t);7)) + Dag(t, x(t —n(t);v))E(t — n(t);7)(L —n0(t))
+f (#2376 Al 2 (57)0,0),0) (312

for a.e. t € [0,a]. Let W(y) = {t € [0,a]: t — x(t — n(t);y) and n are differentiable at t}. (The
Lebesgue-measure of W () is a.) It follows from (3.12) that

i(t;y) —@(t;y) = Dig(t,a(t —n(t);y)) — Dig(t, =(t —n(t); 7))
<D2g(t x(t —n(t);v)) — Dag(t, z(t — n(t);ﬁ)))i?(t —n(t); 7)1 —n(t))
+ Daglt,a(t = n(t); ) (#(t = n(t)s) = &t = n(t);7)) (1 = i(1))
Ft (i) At 2(57)e,0),0) = f(t2(59)e Alt, 2(5 7)1, 9),0)
for t € W(v) N W (5). Let Ly = Ly(av, M5) be the constant from (A4) (ii), and
N3 = esssup{|1 —n(t)|: t € [0, o]} (3.13)
Then, using (3.8), (3.11), (A1) (ii) and (A2) (ii), we get
|&(t;y) — &(t:7)]
< Lalz(t = n(t);y) — 2t —n(t);7)]
+Lalala(t = n(t);7) = a(t = (@) DI (It = n(t):7) = it = n(0); )| + [t = n(t);7)])
+N1Ns|(t — n(t);y) — &(t —n(t);7)]
+1 <|$('§7)t —z(5Y)tle + LaNo([z(59)e — 2(5)ele + o — als)

+ [2(57)e = 2(9)le + 10— o )

< LyL*(1 4 NaN3)ly — lr + LaNsL* |y — Flrl&(t — n(t);y) — 2(t — n(t); )]
+N1N3|2(t — n(t); ) — &(t — n(t);¥)| + L1 (2L* + LaNa(L* +1) + 1)y — F|r
< K|y —Alr + Kal@(t —n(t);y) — (t —n(t); )], teW(y)NwW(#H), (3.14)



where Kg = max{L4L*(1 + NgNg) + L1(2L* + LQNQ(L* + 1) + 1), 1} and K4 = L4N3L*(5 + N1N3.
Define x(t;7,v) = esssup{|Z(s;7v) — Z(s;7)|: s € [-r,t]}. Then (3.14) yields

x(t:7,7) < K|y —lr + Kax(t —n0;7,7), t€0,al (3.15)

Let m = [a/no], where [] is the greatest integer part function. For ¢ € [0,70] (3.15) implies
x(t;7, ) < (K3 + Ki)|y — ¥|r. Applying (3.15) inductively with the intervals [ing, (¢ + 1)no] for
i=1,...,m, it is easy to check that

X(t7,7) < (K3(1+ Ky + -+ KP) + K |y —7lr,  t€0,q].

Therefore (3.2) holds with L = max {L*, K3(1 + Ky +--- + KJ") + K{""'}. This completes the
proof of (iv).
Part (v) is obvious using the method of steps with the intervals [ing, (i + 1)no], i = 1,...,m.
U

4 Differentiability wrt parameters

In this section we study differentiability of solutions of the IVP (1.1)-(1.2) wrt the initial function,
p, the parameter o of the delay function 7 and the parameter 6 of the function f.
First we define a few notations will be used throughout this section. Introduce

wf(t71/)7ﬂ70_;¢7u70) = f(t7¢7u79)_f( 1; 0_) D2f( 1; 79_)(1/)_1[))
for t € [0,T7], ¥, € Q, @, u € Qa, and 0,60 € Q3. It follows from (A1) (iii) that
’u)_f(t71/;7auéaw7u70)‘ _
[ =l + |u—1ul +10 —0le

— 0, as [ —Y|c + |u—a|l + |0 —0le — 0. (4.1)

Later we will need an explicit estimate of the fraction in (4.1). In order to get it we apply Lemma 2.3
and assumption (A1) (iii):

jwp(t, 9, @, 059, u,0)]

S 0i131<)1<‘D2f(t7& + V(¢ - &)76 + V(u - ﬂ),é—l— V(H - 9_)) - D2f(t71z)7a7 é)‘ﬁ(C,R”)W - 1/_)|C
+ [ Daf(t, 6+ V(¥ = 6). 0+ v(w— ), 0+ (0 = 0)) = Daf(t,%,,0)|[u—al
+ ‘D4f(t,zz v — D), a+ v(u— @), 0+ v(0 — ) — D4f(t,z/?,fa,§)‘£ ol ™ 9\@) (4.2)

for t € [0,a], ¥ € Bc(zﬁ, 7), u € Bgn(u; €) and 6 € Bg (é; é), where & > 0 is sufficiently small.
Suppose E := U; x Uy x Us C B¢ (1/)7 ) X Bgrn(@; €) X Beg (é 6‘) is a star domain with center at
(1,1, 8), i.e., such that for any (¢, u,0) € Uy x Uy x Us it follows (¢, 1, 0) + v (¢ — 9, u — 4,0 — 0) €
Up x Uy x U3 for any v € [0,1]. Then

g (8,5, 0,850, 0)| < 0 (1§ = Bl + Ju — ] + 10 — Blos o, B) (1= Flc + [u—l +10 o) (43)
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for t € [0,a], (¥,u,0) € Uy x Uy x Us, where

Opleia, B) = supfmax(|Daf(t,u.0) = Daf(,
D3 f(t,9,u,0) — Dy f(t, 4,70
| Daf(t, 1, u,0) — Dyf(t, ), @60 |£(®,R”)>:
¥ —dle+lu—al+10—dlo <e tefo.al, (v,u0),(,a0) e B}.

We introduce the function
wy(t, wu) = g(t,u) — g(t,u) — Dag(t,a)(u — u), te0,a], u,uc€Qs.

Let M5 be a compact subset of Qs5, and Ly = L4(«, M5) be the Lipschitz constant from (A4) (ii).
Then Lemma 2.3 yields

|wg(t, @3 u)| < Lafu — af?, te(0,a], wu,uec Ms. (4.4)

We have seen that in the proof of Theorem 3.1 A is used only with second argument of the
form x5, where z, is not only a C-function, but also a W1 >-function. Therefore for the rest of the
paper we restrict A to this domain, but for simplicity, we use the same notation for the restriction.
So we redefine A as

A ([o,:r] X (N WE®) x Qy © R x W™ x z) SR, A, 0) = P(—7(t,,0).  (45)

It was shown in [18] that A defined by (4.5) is differentiable wrt its second and third variables
at a point (t,1,0) where ¢» € C'. Since later in the paper we will need a more careful estimate
than that used in [18], we include the revised proof of this result, as well.

Lemma 4.1 Assume (A2) (i)-(iii), and let A be defined by (4.5). Then the partial derivatives
DoA(t, 1), 0) and D3A(t, v, o) exist for t € [0,T], v € Q. NCY, o € Q4, and

DoA(t,h,0)h = —p(=7(t,9,0))Dat(t,h,0)h + h(—7(t,1p,0)), heWh™, (4.6)
DSA(t7¢7O-) = _¢(_T(t7¢70))D3T(t7w70’)' (47)

Moreover, DoA(t,-,-) and D3A(t,-,-) are continuous on (Q1 N CY) x Q4 fort € [0,T].
Proof Let ¢ € Q; NC'. Introduce
wy(;u) = P(u) = (@) = (a)(u - u)
and the modulus of continuity of 1
Q(e) = sup{|(u) = ¥(@)|: [u—a| <e, u,ae [-r0}.
The function ¢ is continuous, therefore Q " (€) — 0 as € — 0. Lemma 2.3 yields

wy (@ u)] < Qy(lu—al)fu—al,  wae]-r0
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Let ¢ € Q1 NC! and o € Q4 be fixed, and let h € W™ and k € X. We define

walt, Y, 050 +hyo+k) = At +h,o+k)—At, 1, 0)+ (=7t 0))Dar(t, 9, 0)h
_h(_T(tv ¢7 U)) + 1/}(_7—@7 ¢7 U))D3T(t7 ¢7 U)k

and
w‘r(t7 ¢7 ag; 1/} + h7 o+ k) = T(t7 1/} + h7 o+ k) - T(t7 ¢7 U) - DQT(ta 1/}7 U)h - D3T(t7 1/}7 U)k
for h € Wh> and k € ¥ such that ¢ + h € Q; and 0 + k € Q4. Then it is easy to check that

= wy(=7(t,0,0); —7(t, ¥ + h,o + k) = (=Tt 9, 0))w- (£, 039 + h,0 + k)
+h(=T(t, ¢ + h, o + k) — h(—7(t, 9, 0)).

Let &1 > 0 and 4 > 0 be such that Be(v; e1) C Q1 and M, = Bs(o; e4) C Q4. Then M, =

By, (1; €1) is a compact subset of C, and My C Q1. Let Ly = Laft, Ml,M4) be the Lipschitz
constant from (A2) (ii). Then
|wA(t7¢7 g; TIZ) + h,O’ + k)|
< Qur(t 0 + hyo + k) — 7,1, 0)) (6 + oo + k) — (2,6, 0)
+| Yl lwr(t, ¥, 059 + h,o + k)| + |hlyre |7t + hoo + k) — 7(t, 9, 0)]
Q (La(lblo + kls) ) La(|Rlc + K]x)
Holwro lwr (8,9, 059 4+ h, o + k)| + Lo|h|wr~ (k] + |k]s) (4.8)

IN

for |h|c < &1 and |k|x < e4. Since |h|c < |h|y1., it implies

wa(t, ¥, 03¢ + h,o + k)|
|lyriee + [kl

< Loy (La(blwr + b))

lw-(t,,0;¢ + h,0 + k)|
|hlc + |k|s

Pl + La|h| .

‘UJA(t7’l/J7O';'l/J+h7O'+k)‘
|h‘wl’°<>+‘k|2
yield <L2(|h|wl,w + |k:|2)) — 0, and (A2) (i) implies LrELZEERTEL 0 s [y, + [y —
0. This concludes the proof of both (4.6) and (4.7). O

Consequently, — 0 as |hlyre + |k|s — 0, since (A2) (iii) and the continuity of 1)

Lipschitz continuity of Do7 and D37, Lemma 2.3 and (4.8) immediately yield the next estimate.

Corollary 4.2 Assume (A2) (i)-(iv). Let 0 < o < T be finite, My C C be a compact, My C ¥ be
a closed and bounded subset of the respective spaces, Lo = Lo(ar, My, My) and Ls(«, My, My) be the
constants from (A2) (ii) and (iv), respectively. Then

‘WA(t7¢70-;1/} + h,O’ + k)‘
lhlc + [kls

< Lo (La(ble + [kls) ) + Lalvlws (Il + [K]s) + Lolhlwre  (4.9)
forte[0,a], ¥, +h e My, o,0+ke My.
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Let ¥ = (¢,5,0) € M, and z(-;7) be the corresponding solution of the IVP (1.1)-(1.2) on [0, a].
Fix h = (h¥,h?,h%) € T, and consider the variational equation

 (2(65%, ) — Daglt,2(t — (0 3))2(t — m(t);, )

dt
= Dof(t,x(59)e At 2(59)i,0),0)2(57, k)
+ Dsf(t,z(7)e, At 2(:39),5),0) <D2A(t7x('§'7)t,5')z('§'77 h)t (4.10)
+ D3A(t7m(';'7)taa')ho> + D4f(t,‘T(-;ﬁ/)t,A(t,m(';’?)t,5),§)h9, te [O,CM],
2(t;5,h) = h¥(t), t e [-r0]. (4.11)

This is a linear time-dependent and state-independent NFDE for z(-;%, h), and the right-hand side
of (4.10) depends continuously on t and z(+; ¥, h); since x(-;7); € C! by Theorem 3.1 (v). Therefore
this IVP has a unique solution, z(-;7,h), which depends linearly on h. The boundedness of the
map I' = R", h — z(t;7, h) for each t € [0, a] follows from the next theorem.

Theorem 4.3 Assume (A1) (i)-(iii), (A2) (i)-(iii), (A3), (A4) (i), (i) and (A5) (i)-(iv), and
let ¥ € M. There exists Ny > 0 such that the solution of the IVP (4.10)-(4.11) satisfies

|z(t; 7, h)| < Nglh|p, te[0,a], hel.
Proof For simplicity we use the notations
x(t) = z(t;7) and z(t) = z(t; 7, h).
Integrating (4.10) from 0 to ¢t we get
2(t) = Dag(t,z(t —n(t)))z(t = n(t)) + h7(0) — D2g(0,p(=n(0)))r7 (=n(0))
+ /Ot Dof (s, x5, A(s,25,5),0)2s + D3f (5,75, A(5,74,5),0) <D2A(S, Ts,0)Zs
+ DsA(s, s, 5)h”> + Dyf(s,zs, A(s, g, 5),0)h ds.

Let the constants §, @« and the sets My, ..., M5 be defined by Theorem 3.1, and L; be the corre-
sponding Lipschitz constant, and Ny, No be defined by (3.6) and (3.7), respectively. Assumptions
(A1) (ii) and (iii) yield that

|D2f(t7¢7u7 9)|£(C,R") < Ly, |D3f(t7¢7u7 9)| < L, |D4f(t7¢7u7 9)|£(®,R”) <Ly (412)

for t € [0,a], ¥ € My, u € My, and 6 € Ms. From (4.6), (4.7) and (A2) (iii) it follows that there
exists N5 = N5(«) such that

|D2A(s,25,0)|ccrny < N5 and  |D3A(s,75,0)|z(nrn) < N, s €0, al. (4.13)

Then we get

t
12(8)] §N1|z(t—n(t))\+(1+N1)|h\p+L1/ 25l + Ns|zs|c + Nalhr + [h|r ds.
0

13



An application of Lemma 2.1 implies

t
ﬁ(t;ﬁ/vh) < Nlﬁ(t _770;’77}1) +K1|h|F +K2/ 6(8;77]7”) ds7 le [0,0Z],
0

where ((t;7,h) = max{|z(s)|: s € [-r,t]}, K1 =1+ N; + L1(1 + N5)a and Ky = Li(1 + N3).
Then Lemma 2.2 yields
|Z(t)| éﬁ(taﬁ/vh) S]\f4|h|1—‘7 te [0,0é],

where X
1
Ngy=max{ ——— ¢ ; e~
4 { 1 — Nje ¢ }
and c is the positive solution of ¢N1e™ 0 + Ky = c. O

Next we study differentiability of the function z(¢;+) wrt 7. We denote this differentiation by
Dgx.

Theorem 4.4 Assume (A1) (i)-(iii), (A2) (i)-(iii), (A3), (A4) (i), (i) and (A5) (i)-(iv), and
let ¥ € M. Let 6 > 0 and o > 0 be defined by Theorem 3.1, and x(t;7y) be the solution of the
IVP (1.1)-(1.2) on [0,a] for v € Br(7¥; 6). Then the function x(t;-) : (Bp(ﬁ; 0) C F) — R"™ is
differentiable at 5 fort € [0,a], and

Doz (t;7)h = z(t;7, h), hel,
where z is the solution of the IVP (4.10)-(4.11).

Proof Let ¥ = (¢,5,0) € M, § > 0 and « be as in the assumption of the theorem, and let the
sets Mj,..., Ms be defined by Theorem 3.1 (iii). Let h = (h¥,h° h?) € T be such that |hlp < 6.
For brevity, we use the notations

z(t) =z(t:5),  y()==zty+h) and  z(t) ==2(7,h).
Integrating (1.1) and (4.10), and using the definitions of w¢, wy and wp we get

y(t) — x(t) - =(0)
= glty(t — (1)) — g(t,2(t = n(®))) — Daglt, o(t — n())=(t - n()
— (900, 2(=n(0)) + h*(=1(0))) — 9(0, &(~n(0))) — Dag(0, #(~n(0)))h* (~(0)))

t

+ / <f(37y57A(37y57 o+ h0)76_+ he) - f(s7xS7A(S7‘T87 5)7 9_) - D2f(87x87A(S7‘T87 5)7 9_)25
0
— Dy f(5,75, A(s,74,5),0) ( DaA(5, 75, 7)2 + DyA(s, 7, 5)h)
— D4f(s,a:8,A(s,m5,6),é)h6>ds

= wy(t.x(t =)yt = n(t)) = wy(0, 3(=n(0)): Z(=(0)) + A (=n(0)))
+ Daglt alt = () (y(t = 1) — 2t = () — 2(t (1))

t
—|—/<Wf(8,:175,1\(8,333, 5),9_; yS,A(s,ys, 5+h0)7 9_+h€) + D2f(5,xs,A(Sa$Sa 5)7 é)(ys —Ts — ZS)
0

+Dsf(s, x5, A(s,25,5),0) (wA(S, Xs,0;Ys, 0 + h?) + DoA(s,25,0)(ys — x5 — zs)>)ds. (4.14)
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Let Ly = Ly(a, My, Mo, M3), Lo = Lo(cr, My, My) and Ly = Ly(a, M5) be the constants from (A1)
(ii), (A2) (ii) and (A4) (ii), respectively, N1, N2, N3 and N5 be defined by (3.6), (3.7), (3.13) and
(4.13), respectively, and L be the constant from Theorem 3.1. Applying (4.4) and Theorem 3.1 we
have

jwg(t, 2(t —n(t);y(t —n(®)))] < Laly(t —n(t)) —x(t = n(t))]> < LyL?|hf
for t € [0,]. Then (4.14), together with (4.12) and (4.13) implies

()~ (0~ 0] < 2LLR + Nlale —n(0) — (e = n(0) =t — )]+ [ (G507
+ Lh|ys — x5 — zs|lc + L1Ga(s;%, h) + L1Ns|ys — x5 — Zs|c) ds (4.15)
for t € [0, a], where
Gi(s;9,h) = |wye(s,xs, A(s,x4,0), 0;ys, A(s,ys, 0 + h7),0 + he)\
and
GA(8;79,h) = |wa(s,xs,0;ys,0 + h7)|.

Introduce u(t;7,h) = sup{|y(s) — z(s) — z(s)|: —r < s < t}. Applying Lemma 2.1 for (4.15) we
obtain

t
M(t;'77h) < A(h) + Nl:u(t — 1057, h) + Ll(l + N5)/ M(&’?)h) ds7 le [0,0Z],
0

where N
A(h) = 2L4L2|h|12" + / (Gf(S; ’77 h) + LIGA(S; ’77 h))ds
0

Therefore Lemma 2.2 and u(t;7,h) = 0 for ¢t € [—r,0] imply

ly(t) — z(t) — 2(t)| < p(t; 5, h) < A(h)

S meca, te [0,0Z], (416)

where ¢ is the unique positive solution of ¢cNje~“" + L;(1 + N5) = c¢. Hence the claim of the
theorem follows if we argue A(h)/|hlr — 0 as |h|r — 0, ie., [; Gy(s;7,h)/|hlrds — 0 and
Jo  Ga(s;7,h)/|h|r ds — 0 as |h|p — 0.

First we show that [;* Ga(s;7,h)/|h|rds — 0 as |h|p — 0 for s € [0,a]. Let Ny be defined by
(3.7) and 5, be the modulus of continuity of 5. The definitions of G, wa and inequalities (3.2)
and (4.8) yield

GA(s;9,h) = |wa(s,zs,0;ys,0 + A7)

- wr (8, s,0;Ys, T + h°
[0, (Lol — oo + 117]5)) + e 27001020 1)

|ys - $s|C + |h0|2

IN

+Lalys = 2olwroe | (1ys = sl + 157]5)
7 (5, 20,55 43,0 + 1)
lys — x5l + |h%]s

IN

[LQQQ-CS(LQ(L + 1)yh\p) + Ny + Ly L|h|p | (L + D)|A]r. (4.17)
Since Qis(Lg(L + 1)|h|1")> < 2Ny and
|lwr (s, 25,01 Ys,0 + h7)| < 2La(|ys — x5l + |7 ]x)
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by (A2) (ii), we get that Ga(s;¥,h)/|h|r is bounded from above. On the other hand, for each
fixed s € [0, o] the function &g is continuous, therefore QQ-ES(LQ(L + 1)|h|1")> — 0 as |h|lp — 0, and

‘w"’(&msvﬁ;y‘sv&""hg)‘
lys—zs|lo+|h7]s
Jo  Ga(s;7,h)/|h|r ds — 0 as |h|p — 0 by the Lebesgue’s Dominated Convergence Theorem.
Next we show that [ G¢(s;7,h)/|h|rds — 0 as |h|]p — 0. Combining (3.8), (4.2) and (4.12)

we have

similarly,

— 0 as |hlr — 0 by (A2) (iii) and |ys — xs|c < L|h|r. Consequently,

Gr(s;%,h) = |wp(s, 2, A(s,24,0),0;y5, A(s,ys, 5 + h7),0 + b7)]
< 2L1(’ys - xs‘C’ + ‘A(Say&& + hg) - A(37x576)’ + ‘he‘@)
< 2L1Ki|h|r

for s € [0,a] and |h|p < 6, where Ky = 2L + LoNo(L + 1) + 1.

On the other hand, let hy, = (b7, hg,hY) € T (k = 1,2,...) be a sequence such that |hy|r < §
and |hy|r — 0, and let y*(t) = x(t; 7+ hg). Define the set M3 = {§+vh?: v € [0,1], k=1,2,...}.
Then M3 C Ms, and it is easy to check that M3 is a compact subset of ©. Therefore the set
E := M; x My x M3 is a compact subset of 21 x {2y x Q3,

(x5, A(5,25,5),0), (Y%, A(s,y%, 7+ h{),0 + h)) € E for s €[0,a], k=1,2...,

and F is a star domain with center at (x5, A(s,xs,5),0) for each s € [0,a]. Then applying (3.8),
(4.3) and the definition of K; we get

Gp(s;9, hi) = |wy(s, 25, A(s,24,5), 095, A(s, 4%, 7 + h7),0 + hY)|

< 9 (If = wolo + A5, 8,5 + 1) = Als, 20,0)] + Wlos o, E)
% (gt = zolo + 15,95, 0+ BT) = Als, 20, 9)] + hflo)
< Qf(K1|hk|p;oz,E)K1|hk|p, s€0,al. (4.18)

Since Dy f, Dsf and Ds3f are continuous on F, they are uniformly continuous on E, as well, so
Qf(K1|hk|p;oz,E> — 0 as k — oo. Therefore [;*Gf(s;¥,hy)/|hg|lrds — 0 as k — oo by the
Lebesgue’s Dominated Convergence Theorem.

The proof of the theorem is complete. O

We note that in the the previous theorem the assumption 4 € M was essential, since the proof
relied on that x is a C'-function, therefore DyA and DsA exist.
The proof immediately implies differentiability of the parameter map in a C-norm:

Corollary 4.5 Assume the conditions of Theorem 4.4. Then the function
(Br(ﬁ; 5) C F) —C oy a5
is differentiable at 5 fort € [0, ], and its derivative is given by

Dox(-;79)ih = 2(:;7,h)e, heT.
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Next we show that, under slightly more smoothness on 7 and g than that in the previous
theorem, x(-;7); is differentiable wrt ~y if we use W1 as the state-space of the solutions.

Theorem 4.6 Assume (A1) (i)-(iii), (A2) (i)-(iv), (A3), (A4) (i)-(iii) and (A5) (i)-(iv), and
let 7 € M. Let § >0 and o > 0 be defined by Theorem 3.1, and x(t;7y) be the solution of the IVP
(1.1)-(1.2) on [0, ] for v € Br(7; 0). Then the function
(B 0) 1) = Whe, g a(9),
is differentiable at 7 for t € [0, ], and
Doz (5 7)th = 2(57, h)e, hel,
where z is the solution of the IVP (4.10)-(4.11).

Proof Note that (A4) (iii) yields using Schwarz’s Theorem that D Dag exists and it is continuous
on [0,a] x Q5. We use all the notations introduced in the proof of Theorem 4.4. It follows from
the proof of Theorem 4.4 that |y; — x; — z¢|c/|hlr — 0 as |h]p — 0. It is easy to argue with the
method of steps that z is a.e. differentiable on [—r, . Therefore we have

y(t) — z(t) — 2(t) = A(t; 3, h) + B(t; 7, h), a.e. te[0,a], (4.19)
where
A(t;7,h) = Dig(t,y(t —n(t))) + D2g(t, y(t —n(t)y(t —n(t)(L —n(t))
—Drg(t,x(t —n(t))) — Dag(t,x(t — n(t)))a(t —n(t))(1 —n(t))
—D1Dag(t, z(t —n(t)))z(t — n(t))
—DaDaog(t, x(t —n(t)(t — n(t))(1 —n(t)z(t — n(t))
—Dag(t, x(t —n(t)))z(t —n(t))(1 —n(t))
and

B(ta/7> h) = f(t7yt>A(t7yt>5- + ha) 0_ ha) f(t ;UtaA(t Tt, O _)7 _) D2f(t7$t>A(t7$t>5-)v 0_)215
- D3f(t7xt7A(t7xt7 )(DQA t s Lty O )Zt + D3A(t T, O )h >
- D4f(t,$t,A(t,fl't, ) )h

Simple computations show
A(t;,h)
= Dig(t,y(t —n(®))) = Dig(t, a(t —n(t))) — D1Dag(t, x(t —n(t))) (y(t —n(t)) —a(t - n(t))>
+D1Dag(t, 2t — (1) (y(t = n(t) = 2(t = (1) = 2(t = (1))

-l—(Dgg(t, y(t —n(t))) — Dag(t, x(t —n(t)))

+Dag(t,(t = n(t) (3t = (1)) = @t = n(t)) = 2 = () ) (1 = 3(®)). (4.20)



Let N1, Ny and N3 be defined by (3.6), (3.7) and (3.13), respectively. Assumption (A4) (iii) yields
that
N¢ = max{max{|DaD;g(t,u)|: t € [0,a], ue€ Ms}: i=1,2} (4.21)

is finite. Lemma 2.3 implies for i = 1,2

|Di.g(t7 u) _Dig(tv ’U“) _D2Dig(t7 ﬂ)(u—ﬂ)| < QD2D2~g(|u—ﬂ|; «, M5)|’LL—Z_L|, le [07 Oé], u, u € M57
(4.22)
where Qp,p,4 is the modulus of continuity of DyD;g (i =1,2), i.e.,

Qp,p.g(e; o, Ms) = sup{|D2D;g(t,u) — DaD;g(t,a)|: |u—1u| <e, t €[0,a], u,u € Ms}.

Let u be defined as in the proof of Theorem 4.4 and ((¢;7,h) := esssup{|y(s) — (s) — 2(s)|: s €
[0,t]}. Combining (4.20), (4.21), (4.22) and the estimate

9t —n@)| <19t —n(t)) — @t —n(t)] +[&(t —n())| < Llhlr + N2 < L6+ N2, t€[0,0],
we get for a.e. t € [0, a]
A7 R < Qpypig(ly(t —n(t)) — 2t —n(t))|; o, Ms)|y(t —n(t)) — =t —n(t))]
+N6N(t - 77( ) '77 h)
+N3(L6 + N2 ),y pag(ly(t — n(t)) — 2(t —n(t))]; o, Ms)|y(t — n(t)) — z(t —n(t))|
+N3N6(L5 + N2) ( ( )aﬁ/’h)
+N3Nely(t —n(t)) — (t —n(t))[|z(t —n(@))] + N1N3C(t — n(t); 7). (4.23)

Then, using (3.2), the monotonicity of Qp,p,q, ¢t and ¢ and Theorem 4.3, (4.23) yields

|A(t;9,h)| < LQp,p,g(L|h|r; o, Ms)|h|r + N3(Ld + No)LQp, pyg(Llh|r; a, Ms)|h|r
+N6(1 + N3(L3 + No))pu(t; 7, h) + LN3 Ny Neg| |2 + N1 N3C(t —n0;7). (4.24)

Using the notations introduced in the proof of Theorem 4.4 we have

B(t7 ’7’ h) = (Uf(t, L, A(t7 I, 5)) 9_, Yt, A(t> Y, 0 + hO)) 9_ + he)
+D2f(t,$t,A(t,xt, 6)7§>(yt — Xy — Zt)
+Dsf(t, @, A(t,24,5),0) (wA(t 24,059, 0 + A7) + DoA(t, x4, 0) (ys — o — Zt))

hence
|B(t;7,h)| < Gy(t;3,h) + L1Ga(t; 4, h) + Li(Ns + 1)u(t; 7, h).

Therefore, combining it with (4.19) and (4.24) we get
[9(t) —2(t) — 2(¢)] < Pr(h) + PoC(t —no;7),  ae t€0,q],
where
Pi(h) = L(Q0.0;g(LIhlrs @, Ms) + Ny(L6 + No)p, pyg (llrs o, Ms) ) [
+LN3NuNo|hff + (No(L+ Na(Ld + No)) + Li(N5 +1) ) (s 3, )

+max{Gy(t:7,h) + LiGa(t:7,h): t € (0,0},
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and P, = N1Ns. Clearly, 4(t) — @(t) — 2(t) = 0 for ¢t € [—r,0], hence
C(t;7) < Pi(h) + Pt —mo;y),  t€[0,al
This, using the method of steps, yields
|9y — ¢ — Zt|pe < C(t59) < (1+ Po+---+ Py")Pi(h), t €[0,q], (4.25)

where m = [a/np]. Therefore, in view of (4.25), it suffices to show that P;(h)/|h|r — 0 as |h|r — 0.
From the proof of Theorem 4.4 follows that u(a;¥,h)/|hlr — 0 as |h|p — 0, the continuity of
DyD;g on the compact set [0, ] x Ms yields Qp,p,q(L|h|r;a, M5) — 0 as |hlr — 0 for i = 1,2.
Therefore we have to argue only that Gf(t;,h)/|hlr — 0 and Ga(t;7,h)/|h|lr — 0 uniformly in
t €10,a] as |hlp — 0.

Consider a sequence hy € I" such that |hgx|p — 0 as k — oco. As in the proof of Theorem 4.4,
we again use notations y®(t) = x(t;5 4+ hy) and z(t) = z(t;7,h). It follows from (4.18) that
max{G¢(t;7,hr): t € [0,a]} — 0as k — oo.

Define

Q(e) = sup{|2(u) — 2(@)|: |u—1u| <e, u,u € [-ra]}.

Then (4.17) combined with ;. () < Q(e) for s € [0, ] and (4.9) yields
G0 < (Laf(La(L+ 1)IAlr) + NaLa(L + Dlble + LoL|blr ) (L + DIl s € 0.0l

This concludes the proof of the theorem. ]
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