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Abstract

In this paper we study stability of certain delay differential equations through equi-
stability of a corresponding family of more simple delay differential equations. We apply
our method to formulate stability theorems for explicit and implicit (threshold-type)
state-dependent delay differential equations.
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1 Introduction

In this paper we show that stability (including asymptotic and exponential stability) prop-
erties of certain classes of delay equations can be obtained by investigating the same type of
equi-stability of some more simple associated differential equations. We present this general
comparison principle in Section 3. Our main interest in this paper is to apply this method
for state-dependent delay equations. In this case we can reduce the stability investigation
of such equations to studying stability properties of equations with delays which are state-
independent, but which depend on a parameter (a function in our case). We note that this
approach was motivated by papers [3] and [8].

One of our major tool in this direction will be the results of Section 2, where we study
preservation of exponential stability of linear delay differential systems under perturbing
the coefficient function and the delay function. We will show that if a trivial solution of
a linear delay equation is exponentially stable, then there always exists a certain “neigh-
borhood” of the parameters such that any equation corresponding to parameters from this
“neighborhood” has an exponentially equi-stable trivial solution. Stability of delay per-
turbed differential equations has been studied by several papers (see, e.g., [2], [5], [19]), but
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not in the context of equi-stability. The results of Section 2 will extend some of our earlier
works in this direction [9], [11].

Section 4 will contain applications of the results of the comparison principle of Section
3 and the perturbation results of Section 2. Inspired by some earlier results given for linear
equations in the papers [14] and [20] and for state-dependent equations in [8] we prove some
similar, sometimes more general stability results fo nonlinear equations. It worth to note
that our method works for threshold-type differential equations, as well. To the best of our
knowledge our approach is original in the stability investigation of such equations.

2 Perturbation Results

First we introduce some basic notations used throughout this paper: a positive integer n
and 7 > 0 are fixed. Let A = (a;;) and B = (b;;) be matrices of the same dimension.
By the notation A < B we mean that relation a;; < b;; holds for all « and j, and by
max (A, B) we denote a matrix with the ij-th component max(a;j;,b;;). Let |- | denote a
fixed vector norm on R" such that the corresponding induced matrix norm on R"*" (which
is denoted by | - |, as well) is monotone, i.e., it satisfies |A| < |B| for matrices 0 < A < B,
and |A| = |max(A, —A)|. For example the |- |; or |- |o norms satisfy these properties. We
denote the space of continuous functions 1 : [—r,0] — R"” equipped with the supremum
norm ||| = max{|¢(¢)|: ¢t € [-r,0]} by C, and the identically zero function of C' by 0.
For a function z: [—r,00) — R we define x;: [—7,0] — R", z4(s) = z(t + s) for ¢ > 0 and
—r <s<0.
Consider the linear delay systems

#(t) = At — o(t)), >0 (2.1)

and
y(t) = B(t)y(t —n(t)), t>0, (2.2)

with the respective initial conditions

and
y(t) = o(t), t € [-r,0]. (2.4)

Throughout this paper ¢ € C, and we assume

(H1) A, B: [0,00) — R™™ "™ are continuous functions;

(H2) the delay functions o,7: [0,00) — R are continuous, and
0<o(t)<~y(t) and 0<n(t)<y(t), t>0

for some continuous 7: [0,00) — R satisfying 0 < y(¢) < t 4+ r and liminft — oot —
v(t) > 0.



The solution of (2.1) corresponding to the initial time 0 and the initial function ¢ is
denoted by z(t; ¢). If we want to emphasize that the solution corresponds to the coefficient
A and the delay o we use the more detailed notation z(t; ¢, A, o).

The trivial solution (i.e., z = 0) of the linear equation (2.1) is exponentially stable with
order a > 0, if there exists a constant K, > 1 such that the solution of (2.1) corresponding
to initial function ¢ satisfies

[2(t; )| < Kae ]|,  t>0. (2.5)

We will consider B and 7 to be fixed such that the trivial solution of (2.2) be exponen-
tially stable. Equation (2.1) is considered as a perturbed equation of (2.2), i..e., we assume
that A and o are “close” to B and 7, respectively. We will show in Theorem 2.2 that if
the perturbations are “small enough”, then the exponential stability of (2.2) is preserved
for (2.1).

Preservation of stability under delay perturbation has been studied, e.g., in [2], [5],
[11] and [19]. In these papers it was assumed that the delays and the coefficients are
bounded. We relax this condition in this section. Our Theorem 2.2 extends the results
of [11] using the approach of [8]. Note that it was shown in [2] that there always exists
a “neighborhood” of B and 7 inside which the exponential stability is preserved, but the
proof gives only the existence of such a “neighborhood”, not the size of it. We will define
the “neighborhood” explicitly. Moreover, in Theorem 2.3 we define such a “neighborhood”,
inside which the exponential stability of the corresponding equation is uniform with respect
to the parameters, i.e., the constants K, and « in the definition of the exponential stability
can be selected independently of the parameters. This is the result we will need in Section 4.

In the proof of our main theorem we need the following estimate which can be proved
easily by using Gronwall’s inequality (see, e.g., Lemma 2.1 in [8]).

Lemma 2.1 Assume (H1) and (H2). Then the solution = of the initial value problem
(2.1)-(2.3) satisfies
t
(1)) < el 1A (2.6)

for all t > 0.
Next we prove the main result of this section.

Theorem 2.2 Assume (H1) and (H2), and the trivial solution of (2.2) is exponentially
stable with order o > 0. Then for any 0 < B < « there exists € > 0 such that if

t=n(t)
/ |B(s)|e?) ds| | <, (2.7)
t

—o(t)
then the trivial solution of the corresponding equation (2.1) is exponentially stable with order
B, i.e., there exists Kg > 1 such that

t—o0

lim <A(t) — B(t)|eP® 4 |B(t)[e#1®)

lo(t; )| < Kge™*|lgll,  t>0. (2.8)



Proof We can rewrite (2.1) in the form

i(t) = B(t)z(t —n(t) + f(1),
where
f(t) = At)z(t — o(t)) — B(t)z(t —n(?)).

Let V' be the fundamental solution of (2.2), i.e., the matrix valued solution of the initial
value problem

Dis) = BOVE-n0).5). 125
1, t=s,
Vits) = {0, t<s,

where I and 0 is the identity and the zero matrix, respectively. Then the variation-of-
constants formula (see, e.g., [13]) implies

t
(1) = y(t) +/0 V(t.s)f(s)ds,  t>0. (2.9)

It is known (see, e.g., [13]) that the assumed exponential stability with order a of the trivial
solution of (2.2) implies that there exist constants @ > 0, K, > 1 and K, > 1 such that y
and V satisfy

y(t: )| < Kae ||, and |V (t,s)| < Kae ™9 for ¢ > s. (2.10)

Therefore we get from (2.9) for any ¢; > 0 that

jz(t)]
t
< WO+ [ Vi)
Koe gl + Kae™®" [1" e |f(s)| ds, t€0,t1] (2.11)
= | Kae gl + Koo ([ el f ()l ds + [, e[ ()] ds) .t >t '
Let 0 < B < « be fixed,
c=2"F (2.12)
Kq
and let A and o be such that (2.7) holds. We introduce the simplifying notation
— t=n(t)
d= Tim [ |A®t) — B@#)|®W + |B(t)|571) / 1B(s)|e?®) ds| |,
t—o00 t—o(t)
and let & > 0 be such that d+ 0 < ¢, and let ¢; > 0 be such that the inequalities
t—o(t)>0, t—nt)>0, t>t (2.13)



and

t=n(t)
|A(t) — B(t)[e®®) + |B(t)[e?® / 1B(s)|e® ) ds| <d+6, t>t  (2.14)
t

—o(t)
hold. Let ¢ > ¢;. Then (2.11) and the definition of f yield

t1
z(t) < Kae o]l + f(ae_“tfo e ([A(s)|lz(s — a(s))] + [B(s)[|z(s — n(s))]) ds

t
+ R'ae_at/t e A(s) — B(s)||z(t — o(s))|ds

+ Koe ™ [ |B(s)||z(s — a(s)) — z(s — n(s))| ds. (2.15)

t1

The first integral of the right-hand-side of (2.15) can be estimated using Lemma 2.1 as

Kae‘”/o e (JA(s)[[x(s — a(s))| + [B(s)llz(s = n(s))]) ds < Ce™|pll. (2.16)
where C' is defined by
N at;
C=K, ( max_|A(s)|efo' 4045 & max |B(s)|elo’ B<S>d5> R (2.17)
5€[0,t1] 5€[0,t1] Q

We have z(s — n(s)) — z(s — o(s)) = fsfn((ss)) #(u) du for s > t; by (2.13). Therefore the

S—0

third integral of the right-hand-side of (2.15) can be rewritten as

~ t
Kae™ [ |B(s)lz(s — o(s)) — x(s — n(s))| ds

t1
s=n(s)
/ z(u) du
s—o(s)

R t
= Kae_at/ e**|B(s)] ds
s—n(s)
/ Aw)l(u — o(u))| du

IA

t1
ds. (2.18)
—o(s)

t
Kae_at/ e**|B(s)]

t1

Multiplying both sides of (2.15) by e?*, using the estimates (2.16) and (2.18), and intro-
ducing z(t) = eP|z(t)| we get for t > t;

t
2(t) < (Ko +O)l|el + f(ae—atﬂft/ e®|A(s) — B(s)|z(s — o(s))e P=70)) g
t1
B t
+ Kae_at+’8t/ e**|B(s)| ds
t1

s=n(s)
/ |B(u)|z(u — o(u))e =) gy

—o(s)

t
< (Ko + O]l + R’ae*(a*mt max z(u)/ e(o‘*B)S\A(s) — B(8)|660(s) ds

—r<u<t th

t
+Kae (@At max z(u)/e(a5)5|B(s)| ds.

s=1(s)
/ |B(u)|e Blu=s=o(u) gy,
—r<u<t th s

—o(s)

(2.19)



Suppose 7(s) < o(s). Then —o(s) < u—s < —n(s) for u € [s — o(s),s — n(s)], and so
s —u < o(s). In the case when o(s) < n(s) relation s — u < 7(s) follows similarly for
u € [s—n(s),s —o(s)], hence in both cases s —u < y(s). Therefore (2.19) and (2.14) imply

t
2(t) < (Kq+CO)|o| + Kqe (B nla)itz(u)/ e B3| A(s) — B(s)|e?®) ds
—rsus t1

N t —n(s)
FRae @B max z(u)/ 55| B(s)| / 1B (u) PO gy | gs
—r<ust t1 s—a(s)
B t
< (Ka+O)|ol + Kae @A max z(u)(d + 6)
—r<u<t t1
K. +C K. e (a=B) d+ 6 A
= (Ka+O)ll¢| + Kae _max  z(u)(d +9) 5
d+6
< (Kaq —I—C)HgoH—i—T nlax<tz(u) (2.20)

It is easily follows from (2.11) that (2.20) holds for ¢ € [0, 1], as well. Since the right-hand-
side of (2.20) is monotone in ¢, and z(t) = e®|p(t)| < ||| < Ka|¢| for t < 0, therefore
(2.20) yields

d+06
< -
_gnggétz(U)_(KaﬂLC)H ol +— _;rgg;tZ(U),

and hence z(t) < max_,<,<; 2(u) < Kgl|¢||, where

_K,+C
Kg= i (2.21)
£
This implies that |2(t)| < Kze P[] for ¢ > 0. O

Next we give conditions when the constant Kg in (2.8) is independent of the selection of
the coefficient matrix A and the delay o satisfying (2.7), i.e., the trivial solution of (2.1) is
exponentially equi-stable with respect to A and o satisfying (2.7) (see the formal definition
in Section 3 below).

Theorem 2.3 Assume (H1) and (H2), and the trivial solution of (2.2) is exponentially
stable with the order o > 0. Let K, be such that the fundamental solution V of (2.2)
satisfies |V (t,s)| < Kae ®t=3) fort > s, and let 0 < 8 < o be fized. Suppose the functions
LT, T : [0,00) = R"™™ and AT, A" : [0,00) — R are such that

0<TH(#), 0<T7(), 0<AT()<nt), 0<AY()<y(t)—nt)  for t>0,
(2.22)

and

—n(t)+A7 (1)

— t
tlim ( max (It (£), 07 ()|e?® + |B(t)|e#7) /
—00

t=n(t)—=A*(t)

B(s) [P ds) <o-f
K

((12.23)



Suppose the parameters A: [0,00) = R*™ and o: [0,00) — R belong to the set
n = {(A,o): B(t) —T~(t) < A(t) < B(t) + T (t) and
n(t) = AT() Solt) <n(t) + AT(E) for t>0}.  (224)
Then there exists Kg > 1 such that
ot 0, 4,0)] < Kge™ ™ol £20, (A0) €Tl

i.e., for any (A, o) € TI the trivial solution of the corresponding equation (2.1) is exponen-
tially stable with order B, and the constant Kz is independent of the parameters (A, o) € II.

Proof If (A,o) € II then o satisfies (H2). We denote ij-th element of the matrices A(t),
B(t), Tt (t) and T~ (¢) by a;;(t), bi; (1), 7{']'-(t) and 7;;(t), respectively. The definition of
IT yields that |a;;(t) — bi;(t)| < max(vi}“-(t),fyi; (t)) for all i and j, therefore the assumed
properties of the matrix norm implies |A(t) — B(¢)| < |max(I'*(¢),T~(¢))| for all ¢ > 0.
Therefore we have

t—n(t)
|A(t) — B(t)[e?D + | B(t) ") / |B(s)]e”7) ds
t

—o(t)

t—n(t)+A (1)

< |max(T*(2), 07 (2)®® + |B(¢)[e1) / |B(s)|e?®) ds,  (2.25)

t=n(t)—A*(t)

which, together with (2.12) and (2.23), implies that A and o satisfy (2.7). Therefore the
constant Kg defined by (2.21) in the proof of Theorem 2.2 satisfies (2.8). We have to
show that K3 can be defined independently of the particular choice of (4,0) € II. For
this (see (2.21) and (2.17)) it is enough to prove that C' can be selected independently of
(A,0) € II. In view of the inequality |A(t)| < |B(t)| + | max(I'"(¢),['~(¢))| (¢ > 0) and
(2.17), we have to show only that ¢; can be independent of A and 0. We recall that ¢; is
defined by inequalities (2.13) and (2.14). Assumption (H2) yields that ¢ — o(¢) > ¢ — (%)
and t —n(t) >t —~(t) for t > 0, therefore ¢; can be chosen so that (2.13) be satisfied for
any selection of the delays. It follows from (2.25) that #; can be such that (2.14) holds for
any (A, o) € TI, which completes the proof of this theorem. O

Remark 2.4 It is easy to see that the function

{ 1, IB(#)| =0

A=< ( (2.26)

L B EG ey - B0 #0
satisfies

_ t—n(t)+Ac (1)

Tim |B(t)[e?® / 1B(s)]e?9) ds < .

=20 ()2 1)

Therefore if the trivial solution of (2.2) is exponentially stable, there always exists a “neigh-
borhood” of (B,n) of the form (2.24) such that the trivial solution of (2.1) corresponding to
coefficient A and delay o from this neighborhood is exponentially stable, as well.



Corollary 2.5 If the delay functions are bounded, i.e., v in (H2) is y(t) = r, then the
statement of Theorem 2.8 remains valid when condition (2.23) is replaced by

t—n(t)+A7 (t) —
B(s)ds) <X '6.
K

«a

t— o0

fim ( max(T* (£), T~ (¢))|e? + 2" [B(¢),
t—n(t)—AT+(t)

If, in addition, |B(t)| < by for t >0, then T, T, AT and A~ can be selected as T (t) =

I (t) = T is a componentwise nonnegative constant matriz, AT (t) = A~ (t) = A is a
nonnegative constant satisfying

Br 2 28r _ QO — B

T’ + 2Abge™" < ——.

«Q

(2.27)

We note that if N
IT| 4 2Ab3 < =,
K

[0}

then relation (2.27) holds, as well, for some 0 < 3 < a.

The results of this section can be immediately generalized to linear equations of the
form

B(t) = Ap(Dz(t—or(t),  t>0, (2.28)
k=1

where the functions Ay and oy satisfy conditions (H1) and (H2), respectively, for all k£ =
1,...,m with bounds ;. We formulate the generalization of Theorem 2.3 for this equation.
Theorem 2.2 can be stated similarly.

Theorem 2.6 Assume By and ny satisfy conditions (H1) and (H2) with v, respectively,
and suppose the trivial solution of

m

B(t) =) Br(t)a(t —ne(t)),  t>0 (2.29)

k=1

is exponentially stable with the order o. Let K, be such that the fundamental solution V
of (2.29) satisfies |V (t,s)| < Kae™®t=5) fort > s, let 0 < B < « be fized. Suppose the
functions FZ’,F;: [0,00) = R™ ™ and A:,A;: [0,00) = R are such that

0<TH(), 0<STL(t), 0<AL(#) <m(t), 0<AF(E) < w(t) —me(t)

fort>0,k=1,...,m, and

lim (Z | max (T (), T ()] e+
k=1

t—o0
+ Y Bl [

k=1 t—n(t)—A7 (1)

t=ni () +A, (1)

| B (s)]e?7 (%) ds) < —



Define the parameter set
m = {(Al,...,Am,al,...,om): By(t) — Ty (t) < Ag(t) < By(t) + T (t) and
ne(t) — A7 (8) < op(t) < me(t) + AL () for t>0, k=1,... m}
Then there erists Kg > 1 such that

(0, Aty ey Ay o1y om)| < Kge Pl t>0, (A1,...,Apm,00,...,0m) € 1L

3 Equi-Stability with respect to a Set of Parameters

In Section 2 we studied a linear delay equation where we considered the coefficient and the
delay function as parameters in the equation. In Theorem 2.3 we gave conditions when the
solution tends to zero exponentially, and when the constants in the exponential estimate
can be selected independently of the particular choice of the parameters. In this section we
study this “independence from the parameters” in a more general form. We introduce the
notion of equi-stability with respect to a set of parameters, and then prove our comparison
principle for a certain class of functional differential equations. Consider

y(t) = g(t,y,p),  t>0 (3.1)

with initial condition
y(t) = o(t),  te[-r0] (3.2)

where g: [0,00) X Q@ x U — R*, Q C C including the zero function 0, the parameter p
belongs to a certain parameter set U, and ¢(¢,0,p) = 0 for all ¢ > 0 and p € U. Note
that in the applications we will show in Section 4 and in the next theorem the set I/ will
be a subset of a function space, but for the sake of the following definitions &/ can be an
arbitrary set without any structure in it. A solution of (3.1)—(3.2) corresponding to initial
function ¢ and parameter p € U is denoted by y(t) = y(t; ¢, p).

We say that the trivial (y = 0) solution of (3.1)-(3.2) is equi-stable with respect to
U, if for any ¢ > 0 there exists § = d(¢) > 0 such that |y(¢t;¢,p)| < € for any ¢t > 0,
lloll < 6 and p € U. We say that the trivial solution of (3.1)—(3.2) is asymptotically equi-
stable with respect to U, if it is equi-stable with respect to U/, and there exists 6 > 0 that
lim; 00 y(£; 0, p) = 0 for ||| < @ and p € U. We say that the trivial solution of (3.1)-(3.2)
is exponentially equi-stable with respect to U, if for any ¢ > 0 there exist § = d(e) > 0,
K = K(g) > 1 and a = a(e) > 0 such that |y(t; ¢, p)| < Ke=|p]|| for any t > 0, ||¢|| < 0
and p € U.

Consider the functional differential equation

o(t) = f(t, e, 31), t >0, (3.3)

with initial condition

z(t) = (1), t € [—r,0], (3.4)

where



(A) f: [0,00) x Q1 x Q9 — R" is continuous, ©; and {2y are open subsets of C' both
containing the identically zero function 0, and f(¢,0,u) = 0 for ¢ € [0, 00) and u € Qs.

Let o > 0 be fixed, and S(p) denote the set of continuous functions u: [—r,00) — R"
satisfying |u(t)] < p for ¢ > —r. Suppose p is small enough to satisfy S(p) C Q9, and fix a
function u € S(p). We associate the equation

y(t) = f(t,ye, ue), t >0, (3.5)

to the function u and to Equation (3.3) with the initial condition (3.2) corresponding to
(3.4). A solution of (3.5)—(3.2) corresponding to initial function ¢ and the function u € S(p)
is denoted by y(t) = y(t; ¢, u). Assumption (A) yields that the identically zero function is
a solution of both initial value problems (3.3)—(3.4) and (3.5)—(3.2).

The next theorem shows that the equi-stability of the trivial solution of (3.5) implies
the stability of the trivial solution of (3.3).

Theorem 3.1 Assume (A), let o > 0 be such that S(p) C Qa, and u € S(p). Then

(1) if the trivial solution of (3.5) is equi-stable with respect to S(p), then the trivial solution
of (3.3) is stable, as well;

(1) if the trivial solution of (3.5) is asymptotically equi-stable with respect to S(o), then
the trivial solution of (3.3) is asymptotically stable, as well;

(7ii) if the trivial solution of (3.5) is exponentially equi-stable with respect to S(p), then
the trivial solution of (3.3) is exponentially stable, as well.

Proof (i) Fix any 0 < € < p, and let 0 < 0 < p be a constant corresponding to € in
the definition of equi-stability with respect to S(p) of the trivial solution of (3.5). Let ¢
satisfy ||¢|| < 0, and let z(t) = z(¢; ) be any corresponding solution of (3.3)-(3.4). Since,
by assumption, |z(0)| < g, the continuity of = yields that |z(¢)| < p for ¢ > 0 close to 0.
Suppose there exists T' > 0 such that |z(t)| < p for ¢ € [0,T) and |z(T)| = p. Define

z(t), te[-rT),
u(t) = { oT),  t>T

Then u € S(p). Let y(t) = y(t; ¢, u) be the solution of the corresponding (3.5)-(3.2). By
the equi-stability with respect to S(p) of (3.5), |y(t; ¢, u)| < e < g for t > 0. On the other
hand, y(t) = z(t) for t € [0,T). Therefore, by continuity, |z(T)| = |y(T)| = o gives a
contradiction to the definition of T'. Hence |z(t)| = |y(t)| < € for ¢ > 0, which proves (i).
(ii) By part (i) the trivial solution of (3.3) is stable, therefore there exists 6 > 0 such
that |z(t;¢)| < o for t > 0 and ||¢|| < 0. The asymptotic equi-stability of (3.5) implies the
existence of 6 > 0 that lim;_,o y(¢; ¢, u) = 0 for ||¢|| < 0 and u € S(p). Let u(t) = z(¢; )
for a fixed ¢ satisfying ||¢|| < 0, then u € S(p). Therefore lim;_,, z(t) = 0, as well, since

z(t; 0) = y(t; p,u).
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(iii) As in part (ii), there exists do > 0 such that |z(¢;¢)| < o for ¢t > 0, [J¢| < do.
By assumption, there exist § > 0, K > 1 and a > 0 such that |y(¢;¢,u)| < Ke ¢
for t > 0, |l¢l] < d and u € S(p). But for ||| < min{dy,d} and u = z(-;p) we have
(t; @) = y(t; ¢, u), and so [z(t; )| < Ke gll, £ > 0. O

Theorem 3.1 can be applied for example for state-dependent delay equations of the form
z(t) = h(t,z(t), z(t — 7(t, 2¢))), t>0, (3.6)

where the delay function 7: [0, 00) x C' — R is continuous, and 0 < 7(¢,4) < t+rfort >0
and ¢ € C and h(t,0,0) = 0, ¢ > 0. The associated state-independent delay equation to
(3.6) is

y(t) = h(t,y(t),y(t — 7(t,ur)),  £=0. (3.7)
Therefore some type of equi-stability of the trivial solution of (3.7) implies the same type of
stability of the trivial solution of (3.6). We note that such results can be generalized for for
state-dependent delay equations with multiple delays, and for other classes of differential
equations, e.g., for equations with unbounded delays, (i.e., where the initial interval is
[—7,0] = (—00,0]) or for neutral differential equations. The applicability of these theorems
depends on if we can give conditions implying equi-stability of the associated equation.
In the next section we will present such conditions for several classes of delay equations
including equations with state-dependent delays.

4 Applications

In our first example we give a condition implying the equi-stability of a certain delay
equation. Consider the linear delay equation

m

i) = - Y ailt.p)elt - m(t), 20, (4.1)
=1

where p is a parameter in the equation belonging to a certain set U.

Theorem 4.1 Let r > 0, and assume 7;: [0,00) — [0,7] and a;: [0,00) x U — [0,00) for
i =1,...,m, and there exist constants 0 < dj < 1 (i,k =1,...,m), T > r and K > 0
such that

/ ax(s,p) ds < dj, t>T, peU, i,k=1...,m,
tf’TZ‘(t)

where

m
Z di. < 1, (4.2)

ik=1
and

T m
/ S alsp)ds <K, pell.
0 =1

11



(i) Then the trivial solution of (4.1) is equi-stable with respect to U.

(i1) If we assume further that ono Z;n:l a;(s,p)ds = oo for p € U, then the trivial solution
of (4.1) is asymptotically equi-stable with respect to U.

(iii) If, moreover, there exists o > 0 such that
t
/ai(s,p)dSZOz(t—s) for t>s>0, peld and 1=1,...,m,
S

then the trivial solution of (4.1) is exponentially equi-stable with respect to U.

Proof (i) Fix p € U. We have

- (Z ai(t,p)> 2()+ Y ailt.p)(a(t) — 2t - m(1), >0,

=1

Using the variation-of-constant formula for ODEs we get

mo ot
olt) = BT D g (0) 4 37 [ IR 0 B, p)0(5) — (s = 7)) s
i=1 "0
Using t — 7;(t) > 0 for t >T > r and i = 1,...,m, Equation (4.1) yields for ¢t > T

m LT
ot) = el TR b(0) 13 [ eI b (s, ) a(s) — als - i) ds
i=1 "0
m t s m
- Z/ ¢ Iy itaai(wp)dug, (s p) / > an(u,p)z(u — 7 (u)) du ds.
i1 T s—Ti(s) k=1
A simple generalization of Lemma 2.1 to Equation (4.1) implies

T m
|z (t)] < efo ZimaERds) o) < Kl te0,T], pel,

therefore, for ¢t > T

2] < o BT D) +2eK||so||Z/ T e g s p) ds
+ Z/ = Jo X aj(w) (s,p / Zak(u,p)|x(u—7k(u))|duds (4.3)
< e~ Jo i1 aj(sp ds‘m(o)‘ +2¢K || (e— TZ 21 aj(wp) P> (up) du )

m t t m s
+ max [z /e_fs 2= aj(up) du g s,p/ ar(u,p) duds
s o)) 3 [ o) [ ontwn

(1 +26 ) ||(p|| _|_ max |x | Z dzk/ e fstai(u’p)duai(s,p) dS

r<s<t
i,k=1

IA

12



< — ta‘ u u
= (L+2¢") ol +_rrr1§a5x§t|w(s)li;1 di, (1 — ¢ Jrailup)d ) (4.4)

m
14 2% dif..
(1+2e )IIsDII+_1;n§a5>;t|<13(8)|%:1 i
i,k=

IA

Note that the last inequality holds for ¢t € [—r, T], as well. It follows therefore

< (14 2e¥
(max |z(s)] < (142¢") [loll +-d_max |z(s)],

where .
d= Z dip < 1,

hence
14+ 2eK

[ P —
< max Jo(s)] < Ll
which yields the stability of the trivial solution of (4.1). o
(ii) Let = be any fixed solution of (4.1), then, by part (i), tlim \z(t)| is finite. Let € > 0
—00
be fixed, and let ¢; > T be such that |z(t)| < tm |z(t)| +¢ for t > t; —r. Similarly to (4.4)
—00

one can easily obtain

t m . - m _rt .
2(t)] < e InEE PP g 4 (T [a(s) +2) 3 du (1—e IO gy,
i,k=1
(4.5)
Then taking the limit as t — oo we get

T [a(s)] < d T [z(s)| + ),

S$— 00

or equivalently,

S de
li < —
fm [2(s)] < 7,

S—00

which yields limy_, z(t) = 0, since £ > 0 was arbitrary.
To prove part (iii) fix 0 < S < a such that

de®Pr <1+ 5ﬁ><1,

o —

and introduce z(t) = |z(t)|e®*. Multiplying both sides of (4.3) by e’ and using that

e~ Jo ity ai(sp) ds <e Pt t>0, pel,

13



o) < llol + 26 e (em T i _ o~ S e )
+ et Z/ SIS ey dug (o
1,k=1
[ et )l H T  duds
s n()
< el + 26K|\<p|\ef0T > aj(u,p) du

—r<s<t

S
+ €7 max z(s Z/ J; ailwp) dutht, (S,p)e_ﬂ(s_n(s))/ ak(u, p) duds
s—T;(s)

< (1+42e29)]gl + €*" max 2 Zdzk / e Jraslnn) B0 g, ) dis.
—r<s<t

Integration by parts and inequality e~ Jia $ < emt=5) yield

m
< (14 902K 267 dio 1 — — [ a;i(u,p) du+B(t=T)
A1) < (1425l + ¥ max 2 )'kzl a(1-etr
i,k=

_+Bm/‘e faI u,p) MLBt s) )

< (1+2€2K)||(,D||+626r max z Z dzk<1+ﬁ/ (s=t) )

i,k=1

IA

1427 2 s)d( 1+ ——
(14 2e*")|lell + e m<a}iz <-I— —,B)

which implies easily z(t) < Mg||¢||, where
1+ 22K
YV
1_d€2ﬁ7‘ <1+m)

Mg =

This therefore means that |z(t)| < Mge=? |, i.e., the trivial solution of (4.1) is exponen-
tially equi-stable with respect to U. O

It has been shown in [14] by Krisztin (as a special case of a result proved for distributed
delay case) that the trivial solution of the scalar equation

m

2(t) = =) ai)z(t —7i(t), =0 (4.6)

—_

1=
is asymptotically stable, if 0 < a;(t) < o; and 0 < 74(t) < ¢; for ¢ > 0, and
E:(uqi< 1.
i=1
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Yoneyama [20] proved the asymptotic stability of the trivial solution of the equation
(t) = —a(t)z(t — 7(t)), t>0 (4.7)
under the integral condition that

t t
0< inf/ a(s)ds < sup/ a(s)ds < §,
t—T1o t—T10

t>0 >0 2

when 0 < a(t) and 0 < 7(t) < 79 for t > 0. Our Theorem 4.1 was motivated by Yoneyama’s
condition and reformulates Krisztin’s result using integral condition. Note that the upper
limit 2 in the above condition was increased in [9] (but at the same time the lower limit 0
had to be increased, as well), where it was shown that if [ a(s)ds = oo and the function

t fo s) ds is monotone increasing, then for any ¢ € (0,7/2) there exists b € (0, ¢) such
that the tr1v1al solution of (4.7) is asymptotically stable, assuming

t t
b < liminft — oo a(s)ds < lim a(s)ds < c.
t—7(t) 1200 Ji (1)
In our next example we consider the scalar equation

Z (t,z)z(t —7(t)),  t>0. (4.8)

i=1

Theorems 3.1 and 4.1 have the following corollary.

Theorem 4.2 Assume 7;: [0,00) — [0,7], a;: [0,00) X C — [0,00), there exist constants
0>0,0<dy <1 (1,k=1,....,m), T>r and K > 0 such that

t
/ ak(s,us) ds < dgg, t>T, uweS(o), i,k=1,...,m,
t—7i(t)

where

m
Zdik<1,

ik=1

/ Zazsus ds < K, u € S(o).

(i) Then the trivial solution of (4.8) is stable.

and

(it) If we assume further that [J° Z;n:l aj(s,us)ds = oo for u € S(p), then the trivial
solution of (4.8) is asymptotically stable.

(113) If, moreover, there exists o > 0 such that
t
/ai(s,us)dSZOz(t—s) for t>s>0, uweS() and i=1,...,m,
S
then the trivial solution of (4.8) is exponentially stable.

15



Next we study the exponential stability of the state-dependent delay system
#(t) = B(t)x(t — 7(t, z4)), t>0, (4.9)
with the associated initial condition (2.3). We assume that B satisfies (H1), and 7 satisfies

(H3) 7: [0,00) x C'— [0,00) is continuous, and there exist o > 0 and a continuous function
v: [0,00) — R such that 0 < (t) < t+r for ¢t > 0, liminf¢ — oot — y(¢) > 0, and

T(t,u) < (%) for t>0, wue€S(o).

Note that these conditions imply the local existence of solutions of (4.9)-(2.3), but not
necessary the uniqueness of the solution (see, e.g., [4], [10]).

Remark 2.4 yields that for every n,m € N there exist functions Al ,,, Ay .+ [0,00) —
[0, 00) satisfying

t—7(£,0)+ A (¢)

T Lo(1) Lo(s) 1
tlggo\B(t)\e / |B(s)|e ds < - (4.10)

t=7(t,0)= Az m(t)

and
0< A1) <7(t,0), 0< A;;m(t) < y(t) — 7(t,0) for t>0.

With the help of these functions we can test if the exponential stability of the trivial solution
of
(t) = B(t)z(t — 7(¢,0)), t>0 (4.11)

is preserved for that of (4.9). In particular, assume that 7 is such that

(H4) for every n,m € N there exist T' =T, ,, > 0 and 0 < § = 6,4, < p such that

T(t,0)— Ay (1) < 7(tw) < 7(8,0)+Af (1), t>T and ueS(H). (4.12)

Then we have the following result.

Theorem 4.3 Assume (H1), (H3) and (H/}), and the trivial solution of (4.11) is exponen-
tially stable. Then the trivial solution of (4.9) is exponentially stable, as well.

Proof For any u € S(p) we associate equation
y(t) = Bt)y(t — 7(t,ug)),  £>0 (4.13)

to (4.9). The assumptions imply that there exists K, > 1 and a > 0 such that the

fundamental solution V' of (4.11) satisfies |V (t,s)| < Kqe~®=%) for ¢t > 5. Fix L < my,
and let ng € N be such that f(a/(a — LO) < ng, and let T and § be the corresponding

m
constants from (H4). We define the functions

AL (1) t>T
=+ — ng,m ) - )
A1) —{ 2V r(,0),  0<t<T
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and

. A- o (#), t>T
= n0o,mMmo ) =
A (t)_{T(t,O), 0<t<T

and the set

M= {o: 7(t,0) — A™(t) < o(t) < 7(¢,0) + AT(t), t>0}.

Then 7(-,u.) € II for u € S(d), and

L t—7(t,0)+AT(2) a— L
Tim |B(t)|ew307<t)/ B(s)|emo " ds < =m0
t—o00 t—7(t,0)— A= (t) K,

Hence Theorem 2.3 implies that the trivial solution of (4.13) is exponentially equi-stable
with order 1/mg with respect to the set S(d). Therefore Theorem 3.1 implies that the
trivial solution of (4.9) is exponentially stable, as well. O

Note that if | B(t)|e?(*) is bounded for ¢ > 0 and for some 3 > 0, then, for large enough
m, At _and A7 can be selected to be constants functions. If both |B(¢)| and ~y(¢) are

n,m n,m
bounded, Corollary 2.5 and the last theorem imply immediately the next corollary, which
slightly improves Theorem 2.2 of [8].

Corollary 4.4 If |B(t)| < by for t > 0 and 7: [0,00) x C — [0,7], then Theorem 4.3
remains true when assumption (Hj) is replaced by

(HY}’) for every e > 0 there exists 6 > 0 such that

tll_m \T(t,0) — 7(t,u)| < e, u € S(0). (4.14)

We note that in [8] it was proved, that if we have more smoothness on the delay 7,
then the exponential stability of the trivial solution of (4.11) is not only sufficient, but also
necessary for the exponential stability of the trivial solution of (4.9).

Our final result is formulated for the scalar delay equation
z(t) = a(t)z(t — 7(t, zy)), t >0, (4.15)
where the delay function is defined by the threshold relation
¢
/ f(t,s,x¢) ds = m, t>0 (4.16)
t—T(t,CEt)

for some m > 0. Recently such threshold-type delay equations have received considerable
attention from modelling and theoretical point of view, as well (see, e.g., [1], [6], [7], [15]-
[18]), but very little is known about the general stability theory of such equations (see
[15]).

Let F be a positive constant, r = m/F, and we assume
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(A1) a: [0,00) — R is continuous and bounded,
(A2) f:[0,00) x [—71,00) X C'— (0, 00) is such that

(i) for every € > 0 there exist § > 0 and T' > 0 such that |f(¢,s,v¢) — f(¢,8,0)| < e
fort >T,s>T —r and ¢ € §(9),

(ii) f(t,s,0) > F for t > 0 and s > —r.

Note that assumption (A2) (ii) implies 0 < 7(¢,0) < r for ¢t > 0.

Theorem 4.5 Assume (A1) and (A2), and suppose the trivial solution of

z(t) = a(t)z(t — 7(t,0)), t>0, (4.17)
is exponentially stable. Then the trivial solution of (4.15) is exponentially stable, as well.
Proof By Remark 4.4 it is enough to show that (4.14) holds. Assumption (A2)(i) yields
that for any € > 0 there exist § > 0 and 7" > 0 such that

/tt (f(t,s,O)—e)dSS/t f(t,s,ut)dsg/t (f(t,5,0) +¢)ds

—7(t,uz) t—7(t,ug) t—7(t,ut)

for t > T and any u € S(d). On the other hand for such u the definition of 7(#,u;) implies

t t
/ f(t,S,Ut)dSz/ f(t,s,O)dszm,
t

—7(t,u) t—7(t,0)
therefore
t t t
/ (F(t.5.0) — &) ds g/ F(t,s.0)ds g/ (F(t.5.0) + &) ds,
t—7(t,ut) t—7(t,0) t—7(t,uy)
and so
t—7(t,ut)
—et(t,ug) < / f(t,8,0)ds < eT(t,ug).
t—7(t,0)
Hence
t—T(t,ut)
F|r(t,u;) — 7(t,0)| < / f(t,s,0)ds| < eT(t,uy) (4.18)
t—7(t,0)
for t > T and u € §(§). Assumption (A2) (i) yields
t
m = f(t,s,u)ds > (F —e)71(t, uy).

t—7(t,uy)

Therefore it follows from (4.18) that

I7(t, ) — 7(t,0)] <

SF-mF’ t>T, wueS(9),

which implies property (H4’). O
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