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tionIn this paper, making use of a general framework for parameter identi�
ation in distributedparameter systems (see e.g., [1℄, [2℄, [3℄, [17℄, and the referen
es therein), we study 
onvergen
eproperties of numeri
al s
hemes produ
ing approximate solutions of parameter estimationproblems for a 
lass of neutral fun
tional di�erential equations (NFDEs) with state-dependentdelays. Following the work in [14℄ (state-dependent delay equations), and in [11℄{[13℄ (NFDEswith 
onstant and time-dependent delays), in this paper we 
onsider NFDEs of the form:ddt�x(t) + q(t)x(t� �(t; x(t)))� = f�t; x(t); x(t� �(t; x(t)))�;and establish theoreti
al 
onvergen
e of an Euler-type approximation s
heme, based on equa-tions with pie
ewise 
onstant arguments (EPCAs), for approximate solutions of 
orrespondingparameter identi�
ation problems.This resear
h was supported in part by the Air For
e OÆ
e of S
ienti�
 Resear
h under Grant AFOSRF49620-93-1-0280 1



The remaining part of the paper is organized as follows:In Se
tion 2 we re
all our existen
e and uniqueness results from [15℄, and introdu
e asimple EPCA-based numeri
al approximation s
heme. Se
tion 3 
ontains a brief des
riptionof the general identi�
ation method we follow. In Se
tion 4 we de�ne a modi�
ation of ourapproximation s
heme, whi
h is more appropriate for identi�
ation purposes, and prove thekey steps of the general identi�
ation method, namely, the 
onvergen
e of the approximateproblem under a 
ertain double limiting pro
ess, and the 
ontinuous dependen
e of the so-lution of the dis
retized initial value problem (IVP) on parameters. Se
tion 5 
ontains a fewnumeri
al examples.Note that EPCAs were used �rst in [8℄ to obtain numeri
al approximation s
hemes and toprove the 
onvergen
e of the approximation method for linear delay and neutral di�erentialequations with 
onstant delays, and later in [9℄ for nonlinear delay equations with state-dependent delays. Finally, we note that existen
e and uniqueness questions for other 
lassesof NFDEs with state-dependent delays have been studied in [6℄, [7℄, [10℄, and [16℄.2 Existen
e and Uniqueness of SolutionsConsider the ve
tor NFDEddt�x(t) + q(t)x(t� �(t; x(t)))� = f�t; x(t); x(t� �(t; x(t)))�; t 2 [0; T ℄ (2.1)with initial 
ondition x(t) = '(t); t 2 [�r; 0℄: (2.2)We make the following assumptions:(H1) f 2 C([0; T ℄ � Rn � Rn; Rn) is lo
ally Lips
hitz-
ontinuous in its se
ond and thirdarguments, i.e., for every M � 0 there exists L1 = L1(M) � 0 su
h thatjf(t; x; y)� f(t; �x; �y)j � L1�jx� �xj+ jy � �yj�;for t 2 [0; T ℄, x; �x; y; �y 2 Rn, jxj, j�xj, jyj, j�yj �M ,(H2) q 2 C([0; T ℄; R) is Lips
hitz-
ontinuous, i.e., there exists L2 � 0 su
h thatjq(t)� q(�t)j � L2jt� �tj; for t 2 [0; T ℄;(H3) �; � 2 C([0; T ℄� Rn; R) are su
h that(i) there exist r > 0 and r0 > 0 su
h that�r � t��(t; x) � t�r0 and �r � t��(t; x) � t; for t 2 [0; T ℄; x 2 Rn;(ii) � is lo
ally Lips
hitz-
ontinuous in its �rst and se
ond arguments, i.e., for everyM � 0 there exists 
onstants L3 = L3(M) � 0 and L4 = L4(M) � 0 su
h thatj�(t; x) � �(�t; �x)j � L3jt� �tj+ L4jx� �xj;for t; �t 2 [0; T ℄, x; �x 2 Rn, jxj, j�xj �M ,2



(iii) � is lo
ally Lips
hitz-
ontinuous in its se
ond argument, i.e., for every M � 0there exists L5 = L5(M) � 0 su
h thatj�(t; x)� �(t; �x)j � L5jx� �xjfor t 2 [0; T ℄, x; �x 2 Rn, jxj, j�xj �M ,(H4) ' 2 C([�r; 0℄; Rn) is Lips
hitz-
ontinuous on [�r; 0℄, i.e., there exists L6 � 0 su
h thatj'(t)� '(�t)j � L6jt� �tj; for t 2 [0; T ℄:Here, and throughout this paper, j � j denotes a ve
tor norm on Rn.For h > 0 we introdu
e the \greatest integer fun
tion with respe
t to h", [t℄h � [t=h℄h,where [�℄ is the greatest integer fun
tion. It is a pie
ewise 
onstant, right 
ontinuous fun
tionsatisfying t� h < [t℄h � t: (2.3)Following the ideas of [8℄ and [13℄, we dis
retize (2.1) by 
hanging the time variable t tothe pie
ewise 
onstant fun
tion, [t℄h. Considerddt�yh(t) + q([t℄h)yh(t� [�([t℄h; yh([t℄h � h))℄h)�= f�[t℄h; yh([t℄h); yh([t℄h � [�([t℄h; yh([t℄h))℄h)� (2.4)for t 2 [0; T ℄, with the initial 
onditionyh(t) = '(t); t 2 [�r; 0℄: (2.5)It is easy to see that IVP (2.4)-(2.5) has a unique solution on [0,T℄ for 0 < h < r0, and thevalues of the solution at mesh points 
an be 
omputed by a simple re
ursive formula usingpast values of the solution at mesh points only. (For details, see [15℄.)We re
all the following results 
on
erning the lo
al existen
e and uniqueness of solutionsof IVP (2.1)-(2.2) from [15℄.Lemma 2.1 Assume (H1){(H4). Let h0 � r0=2. Then there exist 
onstants M1 > 0 and� = �(M1), M2 = M2(M1) su
h that 0 < � � r0=2, jyh(t)j � M1 and j _yh(t)j � M2 fort 2 [�r; �℄, 0 < h � h0.Lemma 2.2 Assume (H1){(H4). Let h0, �, M1 and M2 be de�ned by Lemma 2.1, L4 =L4(M1) be the 
onstant from (H3) (ii), and assume that jqjCL4L6 < 1. Then there exists a
onstant M3 � 0 su
h that jah(k)� bh(k)j �M3h for 0 < h � h0, k = 1; 2; : : : ; [�=h℄.Theorem 2.3 Assume (H1){(H4). Let h0, �, M1, M2 and M3 be de�ned by Lemma 2.1and 2.2, L4 = L4(M1) be the 
onstant from (H3) (ii), and assume that jqjCL4L6 < 1. ThenIVP (2.1)-(2.2) has a Lips
hitz-
ontinuous solution, x(t), on [�r; �℄.
3



Theorem 2.4 Assume (H1){(H4), and let x(t) be a Lips
hitz-
ontinuous solution of IVP(2.1)-(2.2) on [�r; �℄. Let M�1 � maxfjx(t)j : t 2 [�r; �℄g+ " for some " > 0, L4 = L4(M�1 )be the 
orresponding 
onstant from (H3) (ii), and M�2 � ess supfj _x(t)j : t 2 [�r; �℄g. IfjqjCL4M�2 < 1, then x(t) is the unique solution of IVP (2.1)-(2.2) on [�r; �℄, andlimh!0+ sup0�t�� jx(t)� yh(t)j = 0;where yh is the solution of IVP (2.4)-(2.5).We remark that the 
onditions jqjCL4L6 < 1 and jqjCL4M�2 < 1 in Theorem 2.3 and2.4 are essential. Examples were given in [15℄ to show that without these 
onditions IVP(2.1)-(2.2) may not have a solution or unique solution, and the s
heme (2.4)-(2.5) may notbe 
onvergent.Next we re
all Lemma 3.2 from [8℄. The proof of Theorem 2.4 in [15℄ was based on aslightly modi�ed version of this inequality. We shall use this \Gronwall type" inequality inSe
tion 4 as well.Lemma 2.5 Let a > 0, b � 0, � � 0, � > 0, 
 � maxf�; �g, and g : [0; T ℄ ! [0;1)be 
ontinuous and nonde
reasing. Let u : [�
; T ℄ ! [0;1) be 
ontinuous, and satisfy theinequality u(t) � g(t) + bu(t� �) + a Z t0 u(s� �) ds; t 2 [0; T ℄:Then u(t) � d(t)e
t for t 2 [0; T ℄, where 
 is the unique positive solution of 
be�
�+ae�
� = 
,and d(t) � max� g(t)1� be�
� ; max�
�s�0 e�
su(s)� ; t 2 [0; T ℄:3 A General Identi�
ation MethodIn this se
tion we brie
y re
all a general method frequently used to identify parameters invarious 
lasses of di�erential equations (see, e.g., [1℄, [3℄, [17℄, and also [11℄{[14℄). We presentthe method for our IVP (2.1)-(2.2).Assume that (2.1)-(2.2) 
ontains some \unknown" parameters, 
. In this paper we 
on-
entrate on identifying the initial fun
tion, ', and the parameters, q and � in the neutral termof the equation, i.e., 
 = ('; q; �). Other parameters on the right-hand side of the equation
an be treated similarly (see [14℄).We assume that some information is available via measurements (X0;X1; : : : ;Xl) of thesolution, x(t), at dis
rete time values (t0; t1; : : : ; tl). The goal is to �nd the parameter value,whi
h minimizes the least squares �t-to-data 
riterionJ(
) = lXi=0 jx(ti; 
)�Xij2;where 
 belongs to an admissible set � 
ontained in the parameter spa
e �. (Denote thisproblem by P). The general method 
onsists of the following steps:4



Step 1) First take �nite dimensional approximations of the parameters, 
N , (i.e., 
N 2�N � �N � �, dim�N <1, 
N ! 
 as N !1).Step 2) Consider a sequen
e of approximate IVPs 
orresponding to a dis
retization of IVP(2.1)-(2.2) for some �xed parameter 
N 2 �N with solutions yM (�; 
N ) satisfying yM (t; 
N )!x(t; 
) as N;M !1, uniformly on 
ompa
t time intervals, and 
N 2 �N .Step 3) De�ne the least square minimization problems (PN;M ): for ea
h N;M = 1; 2; : : :,i.e., �nd 
N;M 2 �N � �N , whi
h minimizes the least squares �t-to-data 
riterionJN;M (
N ) = lXi=0 jyM (ti; 
N )�Xij2; 
N 2 �N :Often �N is the proje
tion of � to �N , and we restri
t our dis
ussion to this 
ase.Step 4) Assuming that � is a 
ompa
t subset of �, and the approximate solution,yM (t; 
N ), depends 
ontinuously on the parameter, 
N , we get, that JN;M (�) is 
ontinuousfor ea
h M;N . Hen
e the �nite dimensional minimization problems, PN;M , have a solution,�
N;M . Sin
e �
N;M 2 �, the sequen
e �
N;M (N;M = 1; 2; : : :) has a 
onvergent subsequen
e,say �
Nj ;Mj , with limit �
 2 �.Step 5) It follows from Step 2 that JNj ;Mj (�
Nj ;Mj ) ! J(�
) as j ! 1. Let 
 2 � be�xed, and let 
N ! 
 satisfying Step 1. Then, in parti
ular, 
Nj ! 
 as j !1. Using that�
Nj ;Mj is a solution of PNj ;Mj , Step 2 impliesJ(�
) = limj!1JNj ;Mj (�
Nj ;Mj ) � limj!1JNj ;Mj (
Nj ) = J(
);therefore �
 is the solution of the minimization problem P.In pra
ti
e we take \large enough" N andM , and use the solution of PN;M as an approxi-mate solution of P. Note that Step 4 and 5 yield that the limit of any 
onvergent subsequen
eof 
N;M is a solution of P (with the same 
ost). It is possible that the minimizer of J(
)is not unique (see Example 5.4 below). Identifyability of parameters, i.e., the uniqueness ofthe parameter minimizing the 
ost fun
tion J(
), is an important resear
h topi
. However,ex
ept for some 
omments in Se
tion 4, we do not address this question here. For relatedworks we refer to [2℄ and [18℄.In our examples, we will use linear spline approximation to dis
retize the parameters ',q and � , in the 
ase of non
onstant fun
tions, in Step 1. In the next se
tion we introdu
ea set of approximate IVPs 
orresponding to IVP (2.1)-(2.2) we use in Step 2, and showuniform 
onvergen
e of the s
heme, and 
ontinuous dependen
e of the approximate solutionon parameters, as required in Step 2 and Step 4, respe
tively.4 Main ResultsIn this se
tion we assume that T > 0 is su
h that IVP (2.1)-(2.2) has a unique solution on[0; T ℄. Our goal is to identify the parameters 
 = ('; q; �). We introdu
e the parameter spa
e� � C([�r; 0℄; Rn)�C([0; T ℄; R)�BC([0; T ℄�Rn; R+), where BC([0; T ℄�Rn; R+) denotesthe Bana
h-spa
e of bounded and 
ontinuous fun
tions from [0; T ℄ � Rn to [0;1) with the5



norm j� jC � supf�(t; x) : t 2 [0; T ℄; x 2 Rng. We denote the usual supremum norms onC([�r; 0℄; Rn) and C([0; T ℄; R) by j'jC and jqjC , respe
tively. (We will always use the symbols', q and � to denote elements of these spa
es, so there should be no 
onfusion with thissimpli�ed notation of the norms.) The norm on � is de�ned by j('; q; �)j� � j'jC+jqjC+j� jC .Consider a sequen
e of parameters, 
N � ('N ; qN ; �N ) 2 �, su
h that j
 � 
N j� ! 0 asN !1. For large enough N su
h that j� � �N jC � r0=2, assumption (H2) (i) implies thatr0=2 � �N (t; x); for t 2 [0; T ℄; x 2 Rn: (4.1)De�ne �rN � minnminft� �N (t; x) : t 2 [0; T ℄; x 2 Rng; �ro: (4.2)Note that (H2) (i) yields that �r � j� � �N jC � �rN � �r.Let h be a positive number. Using the approximation s
heme (2.4)-(2.5), we asso
iate thefollowing NFDE with pie
ewise 
onstant arguments to (2.1) with parameters 'N , qN , �N :ddt�yh;N(t) + qN ([t℄h)yh;N (t� [�N ([t℄h; yh;N ([t℄h � h))℄h)�= f�[t℄h; yh;N([t℄h); yh;N([t℄h � [�([t℄h; yh;N([t℄h))℄h)� (4.3)for t 2 [0; T ℄, with the initial 
onditionyh;N(t) =g'N (t); t 2 [�rN ; 0℄; (4.4)where g'N is the extension of 'N to [�rN ; 0℄ de�ned byg'N (t) � ( 'N (t); t 2 [�r; 0℄;'N (�r); t 2 [�rN ;�r℄: (4.5)The subs
ript h and N of yh;N(t) emphasizes that yh;N(t) is the solution of IVP (4.3)-(4.4)
orresponding to the dis
retization parameter h and parameter values 'N , qN and �N .Lemma 2.5 implies that IVP (4.3)-(4.4) has a unique solution on [�r; T ℄, and one 
anmodify the proof of Theorem 2.4 to show thatlimh!0+N!1 max0�t�T jx(t)� yh;N(t)j = 0:Consequently, this s
heme satis�es Step 2 of the general identi�
ation method. It was usedsu

essfully in some examples in [12℄ for identifying parameters in (state-independent) neutralequations, but in other 
ases (e.g., when we tried to identify �) our se
ant-type numeri
alminimization routine failed. The problem is that the solution of (4.3)-(4.4), and therefore the
orresponding 
ost fun
tion, JN;h, is pie
ewise-
onstant with respe
t to �N be
ause of takingthe integer part [�N (�; �)℄h in (4.3). The advantage of using s
heme (4.3)-(4.4) is that it isvery simple to 
ompute the solution at mesh points, but it has some serious disadvantagesas well:1. The approximate solution is not linear between mesh points, therefore it is not easy toevaluate it between mesh points. Moreover, the solution is not 
ontinuous at positivemesh points. 6



2. The approximate solution does not depend 
ontinuously on the parameters be
ause ofusing integer parts [�N (�; �)℄h and [�(�; �)℄h in (4.3).To over
ome these problems, we modify the approximate s
heme (see also [12℄, [13℄):ddt�yh;N (t) + #hnqN (t)yh;N (t� �N (t; yh;N (t� h)))o�= f�[t℄h; yh;N([t℄h); yh;N ([t℄h � �([t℄h; yh;N ([t℄h)))�; t 2 [0; T ℄; (4.6)with the initial 
ondition yh;N(t) =g'N (t); t 2 [�rN ; 0℄; (4.7)where g'N is de�ned by (4.5). Here #hnqN (t)yh;N(t� �N (t; yh;N (t� h)))o denotes the linearinterpolate of the fun
tion t 7! qN (t)yh;N (t� �N (t; yh;N(t� h))) using mesh points kh, i.e.,#hnqN (t)yh;N (t� �N (t; yh;N(t� h)))o� qN ([t℄h)yh;N([t℄h � �N ([t℄h; yh;N([t℄h � h))) [t℄h + h� th+ qN ([t℄h + h)yh;N ([t℄h + h� �N ([t℄h + h; yh;N ([t℄h))) t� [t℄hh :By a solution of IVP (4.6)-(4.7) we mean a fun
tion yh;N : [�rN ; T ℄! Rn, whi
h is de�nedon [�rN ; 0℄ by (4.7), su
h that(i) the fun
tion t 7! yh;N(t)+#hnqN (t)yh;N (t��N (t; yh;N (t�h)))o is 
ontinuous on [0; T ℄,(ii) its derivative exists at ea
h point t 2 [0; T ), with the possible ex
eption of the pointskh (k = 0; 1; 2; : : :) where �nite one-sided derivatives exist, and(iii) the fun
tion yh;N satis�es (4.6) on ea
h interval [kh; (k + 1)h) \ [0; T ℄ (k = 0; 1; 2; : : :).It follows from the de�nition that (4.6) is equivalent to the integral equationyh;N(t) + #hnqN (t)yh;N (t� �N (t; yh;N(t� h)))o= 'N (0) + qN (0)g'N (��N (0; 'N (�h)))+ Z t0 f�[s℄h; yh;N ([s℄h); yh;N ([s℄h � �([s℄h; yh;N([s℄h)))� ds: (4.8)We will show that the s
heme (4.6)-(4.7) preserves the 
onvergen
e properties of (2.4)-(2.5) given by Theorem 2.4, and in addition, the approximate solution is 
ontinuous, pie
ewiselinear, and we avoid taking integer part of �N and � in (4.6).Lemma 4.1 Let ('N ; qN ; �N ) 2 �, and assume (4.1). Then IVP (4.6)-(4.7) has a unique
ontinuous solution on [�rN ; T ℄ for all 0 < h < r0=2. Moreover, the solution is linear on theintervals [kh; (k + 1)h℄. 7



Proof Assumption (4.1), and inequality (2.3) imply that[t℄h � �N ([t℄h; yh;N([t℄h � h)) � t� r0=2; t 2 [0; T ℄; (4.9)and[t℄h + h� �N ([t℄h + h; yh;N ([t℄h)) � t+ h� r0=2 � t� r0=4; t 2 [0; T ℄; 0 < h < r0=4:(4.10)Therefore #hnqN (t)yh;N(t��N (t; yh;N(t�h)))o in (4.8) always uses past values of the solution,hen
e the existen
e and uniqueness of the solution follows from (4.8) using the method of stepson the intervals [kh; (k+1)h℄. The solution is 
ontinuous, sin
e, 
learly, t 7! #hfqN (t)yh;N(t��N (t; yh;N (t� h)))g is a 
ontinuous fun
tion. Equation (4.6) yields for t 2 (kh; (k + 1)h):_yh;N(t) = � ddt#hnqN (t)yh;N (t� �N (t; yh;N(t� h)))o+ f�kh; yh;N (kh); yh;N (kh� �(kh; yh;N (kh)))�:Therefore _yh;N(t) is 
onstant on (kh; (k + 1)h), and the solution is linear on [kh; (k + 1)h℄.Integrating both sides of (4.6) from kh to (k + 1)h, and using the notation ah;N(k) �yh;N(kh), we get the re
ursive formulaah;N (k + 1) = ah;N(k) + qN (kh)yh;N (kh� �N (kh; ah;N (k � 1)))� qN ((k + 1)h)yh;N ((k + 1)h� �N ((k + 1)h; ah;N (k))) (4.11)+ hf(kh; ah;N (k); yh;N (kh� �(kh; ah;N (k)))); for k = 0; 1; 2; : : : ;ah;N(k) = 'N (kh); �r � kh � 0; k = 0;�1;�2; : : : ; (4.12)whi
h is simple to 
ompute, using that yh;N(t) is linear between mesh points. Equation (4.11)immediately implies the expli
it formulaah;N(k + 1) = 'N (0) + qN (0)g'N (��N (0; 'N (0)))� qN ((k + 1)h)yh;N ((k + 1)h� �N ((k + 1)h; ah;N (k)))+ h kXi=0 f(ih; ah;N (i); yh;N (i� �(ih; ah;N (i)))):If h is small, this is better to use in numeri
al 
omputations, sin
e in (4.11) the di�eren
eqN (kh)yh;N(kh � �N (kh; ah;N (k � 1))) � qN ((k + 1)h)yh;N((k + 1)h � �N ((k + 1)h; ah;N (k)))is 
lose to 0, therefore some a

ura
y 
an be lost by using that formula.Theorem 4.2 Assume (H1){(H4), and that IVP (2.1)-(2.2) has a unique Lips
hitz-
onti-nuous solution, x(t), on [�r; T ℄. Let 
N = ('N ; qN ; �N ) 2 � be su
h that j
 � 
N j� ! 0 asN ! 1. De�ne M1 � maxfjx(t)j : t 2 [�r; T ℄g + " and M2 � ess supfj _x(t)j : t 2 [�r; T ℄gfor some " > 0, and let L4 = L4(M1) be the 
onstant from (H3) (ii). IfjqjCL4M2 < 1; (4.13)8



then the solution, yh;N , of IVP (4.6)-(4.7) 
onverges uniformly on [0; T ℄ to the solution, x,of IVP (2.1)-(2.2) as h! 0+ and N !1, i.e.,limh!0+N!1 max0�t�T jx(t)� yh;N(t)j = 0: (4.14)Proof We assume, without loss of generality, that " is su
h that (jqjC + ")L4M2 < 1, andN is large enough that jqN � qjC < ", j'N �'jC < ", and j�N � � jC < r0=2. The last relationand (H2) (i) imply (4.1). Let 0 < �h;N � T be the largest number su
h that jyh;N (t)j < M1for t 2 [0; �h;N ). (�h;N is well-de�ned sin
e j'N (0)j < M1 by our assumptions.) Usingthe integrated form of (2.1) and (4.8), and applying elementary estimates and (H1) withL1 = L1(M1), we get for t 2 [0; �h;N ℄:jx(t)� yh;N(t)j� j'(0) � 'N (0)j+ jq(0)'(��(0; '(0))) � qN (0)g'N (��N (0; 'N (�h)))j+ ���q(t)x(t� �(t; x(t))) � #hnqN (t)yh;N (t� �N (t; yh;N (t� h)))o���+ Z t0 ���f�s; x(s); x(s� �(s; x(s)))�� f�[s℄h; yh;N ([s℄h); yh;N ([s℄h � �([s℄h; yh;N([s℄h)))����ds� j'(0) � 'N (0)j+ jq(0)'(��(0; '(0))) � qN (0)g'N (��N (0; 'N (�h)))j+ ���q(t)x(t� �(t; x(t))) � #hnqN (t)yh;N (t� �N (t; yh;N (t� h)))o���+ Z t0 ���f�s; x(s); x(s� �(s; x(s)))�� f�[s℄h; x(s); x(s� �(s; x(s)))���� ds (4.15)+L1Z t0 �jx(s)� yh;N([s℄h)j+ ���x(s� �(s; x(s))) � yh;N([s℄h � �([s℄h; yh;N ([s℄h)))����ds:For 
onvenien
e, we extend x(t) to t 2 [�rN ;�r℄ by x(t) = '(�r), and denote the extendedinitial fun
tion by ~'(t). Clearly, ~' is Lips
hitz-
ontinuous with Lips
hitz-
onstant L6. Nextwe will estimate the terms on the right-hand side of (4.15) separately. Assumption (H4) andjq � qN jC < " yieldjq(0)'(��(0; '(0))) � qN (0)g'N (��N (0; 'N (�h)))j� jq(0) � qN (0)jj'(��(0; '(0)))j + jqN (0)jj'(��(0; '(0))) �g'N (��N (0; 'N (�h)))j� jq � qN jC j'jC + (jqjC + ")�j'(��(0; '(0))) � e'(��N (0; 'N (�h)))j+ j e'(��N (0; 'N (�h))) �g'N (��N (0; 'N (�h)))j�� jq � qN jC j'jC + (jqjC + ")�L6j�(0; '(0)) � �N (0; 'N (�h))j + j'� 'N jC�: (4.16)Let x; y 2 Rn, jxj; jyj �M1, then it follows from (H3) with L3 = L3(M1) and L4 = L4(M1)j�(t; x)� �N (u; y)j � j�(t; x) � �(u; x)j+ j�(u; x) � �(u; y)j+ j�(u; y) � �N (u; y)j� L3jt� uj+ L4jx� yj+ j� � �N jC : (4.17)9



Consequently, we have thatj�(0; '(0)) � �N (0; 'N (�h))j � L4(j'(0) � '(�h)j + j'(�h)� 'N (�h)j) + j� � �N jC� L4(L6h+ j'� 'N jC) + j� � �N jC : (4.18)De�ne the fun
tion wh;N(t) � max�r�s�t jx(s)� yh;N(s)j, and let � � �(t; h) � (t� [t℄h)=h.Then 1� � = ([t℄h + h� t)=h, and the de�nition of #h implies���q(t)x(t� �(t; x(t))) � #hnqN (t)yh;N(t� �N (t; yh;N (t� h)))o���� ���q(t)x(t� �(t; x(t))) � #hnqN (t)x(t� �N (t; yh;N(t� h)))o���+ ���#hnqN (t)x(t� �N (t; yh;N (t� h)))o � #hnqN (t)yh;N(t� �N (t; yh;N (t� h)))o���� jq(t)x(t� �(t; x(t))) � qN ([t℄h)x([t℄h � �N ([t℄h; yh;N([t℄h � h)))j(1 � �)+ jq(t)x(t� �(t; x(t))) � qN ([t℄h + h)x([t℄h + h� �N ([t℄h + h; yh;N ([t℄h)))j�+ jqN ([t℄h)jwh;N ([t℄h � �N ([t℄h; yh;N([t℄h � h)))(1 � �)+ jqN ([t℄h + h)jwh;N ([t℄h + h� �N ([t℄h + h; yh;N ([t℄h)))�: (4.19)Assumption (H2), the de�nition of M2, (4.17), an estimate similar to (4.18), and the mono-toni
ity of wh;N yieldjq(t)x(t� �(t; x(t))) � qN ([t℄h)x([t℄h � �N ([t℄h; yh;N ([t℄h � h)))j� �jq(t)� q([t℄h)j+ jq([t℄h)� qN ([t℄h)j�jx(t� �(t; x(t)))j+ jqN ([t℄h)jjx(t � �(t; x(t))) � x([t℄h � �N ([t℄h; yh;N([t℄h � h)))j� (L2h+ jq � qN jC)M1 + (jqjC + ")M2(h+ j�(t; x(t)) � �N ([t℄h; yh;N ([t℄h � h))j)� (L2h+ jq � qN jC)M1 + (jqjC + ")M2(h+ L3h+ L4(2M2h+ wh;N(t)) + j� � �N jC):(4.20)In the same fashion we getjq(t)x(t� �(t; x(t))) � qN ([t℄h + h)x([t℄h + h� �N ([t℄h + h; yh;N ([t℄h)))j (4.21)� (L2h+ jq � qN jC)M1 + (jqjC + ")M2(h+ L3h+ L4(2M2h+ wh;N(t)) + j� � �N jC):Therefore (4.19), (4.20) and (4.21), together with (4.9) and (4.10), imply���q(t)x(t� �(t; x(t))) � #hnqN (t)yh;N (t� �N (t; yh;N(t� h)))o���� (L2h+ jq � qN jC)M1 + (jqjC + ")M2(h+ L3h+ L4(2M2h) + j� � �N jC)+ (jqjC + ")(L4M2wh;N(t) + wh;N (t� r0=4)); 0 < h < r0=4: (4.22)Finally, 
onsider the terms in the last integral of (4.15). We havejx(t)� yh;N([t℄h)j � jx(t)� x([t℄h)j+ jx([t℄h)� yh;N([t℄h)j� M2h+ wh;N (t): (4.23)10



Assumption (H2) (iii) with L5 = L5(M1), and (4.23) yieldjx(t� �(t; x(t))) � yh;N([t℄h � �([t℄h; yh;N([t℄)))j� jx(t� �(t; x(t))) � x([t℄h � �([t℄h; yh;N([t℄)))j+ jx([t℄h � �([t℄h; yh;N([t℄))) � yh;N([t℄h � �([t℄h; yh;N([t℄)))j� M2(h+ j�(t; x(t)) � �([t℄h; yh;N([t℄h))j) + wh;N ([t℄h � �([t℄h; yh;N ([t℄)))� M2(h+ j�(t; x(t)) � �([t℄h; x(t))j + L5jx(t)� yh;N([t℄h)j) + wh;N (t)� M2(h+ j�(t; x(t)) � �([t℄h; x(t))j + L5M2h+ L5wh;N (t)) + wh;N(t): (4.24)Combining (4.15), (4.16), (4.18), (4.22), (4.23) and (4.24), we get for t 2 [0; �h;N ℄ and0 < h < r0=4:jx(t)� yh;N(t)j � gh;N (t) + (jqjC + ")L4M2wh;N (t)+ (jqjC + ")wh;N (t� r0=4) + L1(2 + L5M2) Z t0 wh;N (s) ds; (4.25)wheregh;N (t) � (1 + jqjC + "+ (jqjC + ")L4L6)j'� 'N jC + 2M1jq � qN jC+(jqjC + ")(L6 +M2)j� � �N jC + L2M1h+(jqjC + ")(L4(L6)2 +M2 + L3M2 + 2L4M2)h+ L1(2M2 + L5M2)Th+ Z t0 ���f�s; x(s); x(s� �(s; x(s)))� � f�[s℄h; x(s); x(s� �(s; x(s)))���� ds+L1M2Z t0 j�(s; x(s)) � �([s℄h; x(s))j ds:Note that gh;N (t) is de�ned on [0; T ℄. The monotoni
ity of wh;N (t), the inequality wh;N (t) �j'� 'N jC � gh;N (0) for t 2 [�r; 0℄, (4.13) and (4.22) imply(1�(jqjC+")L4M2)wh;N (t) � gh;N (t)+(jqjC+")wh;N (t�r0=4)+L1(2+L5M2)Z t0 wh;N(s) dst 2 [0; �h;N ℄, 0 < h < r0=4. Therefore an appli
ation of Lemma 2.5 yieldswh;N(t) � dh;N (T )e�T ; for t 2 [0; �h;N ℄; 0 < h < r0=4; (4.26)where � is the unique positive solution of�(jqjC + ")e��r0=4 + L1(2 + L5M2) = (1� (jqjC + ")L4M2)�;and dh;N (t) � max� gh;N (t)1� (jqjC + ")L4M2 � (jqjC + ")e��r0=4 ; e�r0=4j'� 'N jC� :Sin
e [s℄h ! s as h ! 0+, the Lebesgue Dominant Convergen
e Theorem implies that thetwo intergals in gh;N (t) go to 0 as h ! 0+. Hen
e gh;N(t) ! 0 uniformly in t 2 [0; T ℄, ash ! 0+, N ! 1, and therefore max0�s��h;N jx(s) � yh;N(s)j ! 0 as h ! 0+, N ! 1.Consequently �h;N = T for small enough h and large enough N , and the statement of the11



theorem follows.It is easy to obtain the following result for the rate of 
onvergen
e in (4.14) from thede�nition of gh;N and (4.26):Corollary 4.3 Assume that the 
onditions of Theorem 4.2 are satis�ed, and in addition, fand � are lo
ally Lips
hitz-
ontinuous in their �rst arguments. Then there exists a 
onstantK � 0 su
h thatjx(t)� yh;N(t)j � K(j'� 'N jC + jq � qN jC + j� � �N jC + h);for t 2 [�r; T ℄ and for small enough h > 0.In the remaining part of this se
tion we study 
ontinuous dependen
e of the solution ofIVP (4.6)-(4.7) on the parameters 'N , qN and �N . To simplify the notation, we omit theupper index, N , and denote the solution of IVP (4.6)-(4.7) 
orresponding to 
 � ('; q; �) 2 �and �
 � ( �'; �q; �� ) 2 � by yh;
(t) and yh;�
(t), respe
tively. De�ne �r� and �r�� by (4.2)for �N = � and �N = �� , respe
tively. Sin
e in our examples �
 = ( �'; �q; �� ) = ('N ; qN ; �N )are obtained by linear spline approximation from ('; q; �), we 
an assume that �' and �� areLips
hitz-
ontinuous fun
tions with Lips
hitz-
onstants equal to those of ' and � , i.e., �' and�� satisfy (H4) and (H3) (ii), respe
tively. We 
an assume that �� = �N satis�es (4.1) as well.Then, for small enough h, the solution, yh;
(t), depends 
ontinuously on 
.Theorem 4.4 Assume that f and � satisfy (H1) and (H3), respe
tively. Let 0 < h � r0=6,and �
 = ( �'; �q; �� ) 2 � be su
h that �� and �' satisfy (4.1), (H3) (ii) and (H4), respe
tively.Then sup�r�t�T jyh;
(t)� yh;�
(t)j ! 0; as 
 ! �
; 
 2 �: (4.27)Proof The proof is similar to that of Theorem 4.2, therefore we show only the main steps,and leave the details to the reader.Fix " > 0, and let M�1 � supfjyh;
(t)j : t 2 [0; T ℄g + ". We assume that 
 = ('; q; �) issu
h that j' � �'jC < " and j� � �� jC < r0=4. Then for su
h 
 2 �, let 0 < �h;
 � T be thelargest number su
h that jyh;
(t)j < M�1 for t 2 [0; �h;
). Applying (4.8) for 
 and �
, andtaking the di�eren
e of the two equations, we getjyh;
(t)� yh;�
(t)j� j'(0) � �'(0)j + jq(0)'(��(0; '(�h))) � �q(0) �'(���(0; �'(�h)))j+ ���#hnq(t)yh;
(t� �(t; yh;
(t� h)))o � #hn�q(t)yh;�
(t� ��(t; yh;�
(t� h)))o���+ Z t0 ���f�[s℄h; yh;
([s℄h); yh;
([s℄h � �([s℄h; yh;
([s℄h)))�� f�[s℄h; yh;�
([s℄h); yh;�
([s℄h � �([s℄h; yh;�
([s℄h)))���� ds: (4.28)Linearity of #h, assumption (H1) with L1 = L1(M�1 ), and (4.28) imply for t 2 [0; �h;
 ℄:jyh;
(t)� yh;�
(t)j 12



� j'� �'jC + jq(0)'(��(0; '(�h))) � �q(0) �'(���(0; �'(�h)))j+ ���#hn(q(t)� �q(t))yh;
(t� �(t; yh;
(t� h)))o���+ ���#hn�q(t)�yh;
(t� �(t; yh;
(t� h))) � yh;�
(t� �(t; yh;
(t� h)))�o���+ ���#hn�q(t)�yh;�
(t� �(t; yh;
(t� h))) � yh;�
(t� ��(t; yh;�
(t� h)))�o���+L1 Z t0 �jyh;
([s℄h)� yh;�
([s℄h)j+ jyh;
([s℄h � �([s℄h; yh;
([s℄h)))� yh;�
([s℄h � �([s℄h; yh;�
([s℄h)))j�ds: (4.29)Introdu
e the notation wh;
 � max�r�u�t jyh;
(u) � yh;�
(u)j. The assumed inequalities 0 <h < r0=6, j� � �� jC < r0=6 and (4.1) imply that���#hn�q(t)�yh;
(t� �(t; yh;
(t� h))) � yh;�
(t� �(t; yh;
(t� h)))�o��� � j�qjCwh;
(t� r0=6):Sin
e yh;�
(t) is equal to �'(t) for t 2 [�r; 0℄, and it is pie
ewise linear for t 2 [0; T ℄, and by ourassumption, �' is Lips
hitz-
ontinuous, it follows that M�2 � ess supfj _yh;�
(t)j : t 2 [�r; T ℄g is�nite. Let L4 = L4(M�1 ) be the Lips
hitz-
onstant of �� from (H3) (ii), then���#hn�q(t)�yh;�
(t��(t; yh;
(t�h)))�yh;�
(t���(t; yh;�
(t�h)))�o����j�qjCM�2 (j���� jC+L4wh;
([t℄h)):Therefore one 
an obtain from (4.29) the following estimates for t 2 [0; �h;
 ℄:wh;
(t) � gh;
 + j�qjCL4M�2wh;
([t℄h) + j�qjCwh;
(t� r0=6) + L1(2 + L5M�2 ) Z t0 wh;
(s) ds;(4.30)wheregh;
�j'� �'jC+ jq(0)'(��(0; '(�h)))� �q(0) �'(���(0; �'(�h)))j+ jq� �qjCM�1 + j�qjCM�2 j�� �� jC :Clearly, gh;
 ! 0 as 
 ! �
. Consider �rst the interval [0; h℄. For t 2 [0; h℄ \ [0; �h;
 ℄, (4.30)is equivalent towh;
(t) � gh;
 + j�qjCL4M�2wh;
(0) + j�qjCwh;
(t� r0=6) + L1(2 + L5M�2 ) Z t0 wh;
(s) ds:(4.31)Let � > 0 be the unique positive solution of �j�qjCe��r0=6 + L1(2 + L5M�2 ) = �. ThenLemma 2.5 yields that wh;
(t) � dh
e�T for t 2 [0; h℄ \ [0; �h;
 ℄, wheredh
 � max�gh;
 + j�qjCL4M�2wh;
(0)1� j�qjCe��r0=6 ; e�r0=6j'� �'jC� :Sin
e wh;
(0) = j' � �'jC , dh
 ! 0 as 
 ! �
, we have h < �h;
 if 
 is 
lose enough to �
, andwh;
(h)! 0 as 
 ! �
.We now 
onsider the interval [h; 2h℄. For t 2 [0; 2h℄ \ [0; �h;
 ℄, (4.30) is equivalent towh;
(t) � gh;
 + j�qjCL4M�2wh;
(h)+ j�qjCwh;
(t� r0=6)+L1(2+L5M�2 ) Z t0 wh;
(s) ds: (4.32)13



Lemma 2.5 implies that wh;
(t) � d2h
 e�T for t 2 [0; 2h℄ \ [0; �h;
 ℄, whered2h
 � max�gh;
 + j�qjCL4M�2wh;
(h)1� j�qjCe��r0=6 ; e�r0=6j'� �'jC� :Therefore, as before, we obtain that �h;
 > 2h, and wh;
(2h) ! 0 as 
 ! �
. By extendingthe interval step-by-step, we get that �h;
 = T , and wh;
(T )! 0 as 
 ! �
, whi
h proves thetheorem.We studied the single delay equation, (2.1), for simpli
ity of the presentation. Our resultshave a straightforward generalization to the multiple delay 
ase, i.e., to NFDEs of the formddt�x(t) + mXi=1 qi(t)x(t� �i(t; x(t)))� = f�t; x(t); x(t � �1(t; x(t))); : : : ; x(t� �l(t; x(t)))�:5 Numeri
al ExamplesIn this se
tion we present some numeri
al examples to illustrate our identi�
ation method.The general method is the following: 
onsider an IVP with unknown parameters. If the pa-rameters are in�nite dimensional, use linear spline approximation of the parameters. Then,for a �xed small h > 0, 
onsider IVP (4.6)-(4.7), and solve the 
orresponding �nite dimen-sional least-square minimization problem, PN;h (see Step 3 in Se
tion 3). If h is small and Nis large, use the solution of PN;h as an approximate solution of the identi�
ation method.To solve PN;h, we used a nonlinear least square minimization 
ode, based on a se
antmethod with Dennis-Gay-Wels
h update, 
ombined with a trust region te
hnique. See Se
tion10.3 in [5℄ for detailed des
ription of this method.Example 5.1 Consider the state-dependent NFDEddt�x(t) + q(t)x(t� �(t; x(t)))�= 0:0003tx(t) � 0:0255x(t � jx(t)j) + (0:5088t � 1:4895)x(t) + 2:99t; t � 0;x(t) = t2; t 2 [�50; 0℄;where �(t; x) = minn0:5 + 0:5t+ 0:01jxj; 50o: (5.1)It is easy to 
he
k that x(t) = t2 is a solution of this IVP (for 0:5 + 0:5t + 0:01t2 � 50, e.g.,on [0; 49℄) 
orresponding to the parameter q(t) = 0:5t2 � t� 0:5. In this example we identifyq on [0; 3℄.One of the diÆ
ulties of working with state-dependent equations is that the exa
t initialinterval, i.e., �r = minft � �(t; x(t)) : 0 � t � Tg, depends on the a
tual solution. In ourexample t � �(t; x(t)) = 0:5t � 0:5 � 0:01jx(t)j (for �(t; x(t))j � 50). For the true solution,x(t) = t2, we have that t � �(t; x(t)) is monotone in
reasing on [0; 3℄, its minimum on thisinterval is �0:5, and it is positive at, e.g., t = 1:5. Therefore the solution uses all values of14



the initial fun
tion on [�0:5; 0℄, but not the fun
tion values for t < �0:5. The true solutionsatis�esM�2 = ess supfj _x(t)j : t 2 [�0:5; 3℄g = 6. Clearly, L4 = 0:01, and the true parameter,q, satis�es jqjC = jqjC[0;3℄ = 1. Therefore, for the true parameter, jqjCL4M�2 < 1, and the
onditions of Theorem 4.2 are satis�ed.We generate measurements, Xi, using the true solution, x(t) = t2, and ti = 0:2i, i =0; : : : ; 15. We use N -dimensional linear splines with equidistant mesh points to approximateq on [0; 3℄. Consider the minimization problemminJN;h(qN ) = 15Xi=0 jyh;N(ti)�Xij2: (5.2)We 
an use (4.13) to obtain an a priori estimate of jqN jC . Using L4 = 0:01, M�2 = 6,(4.13) implies that the possible parameters for whi
h we expe
t 
onvergen
e of the numeri
almethod satisfy jqjC < 100=6. Therefore, we 
an assume, e.g., that jqN jC � 16, and solve(5.2) subje
t to this 
onstraint. Table 1 and 2 
ontain the value of the 
ost fun
tion andthe maximal error of the numeri
al solution, respe
tively, for di�erent h and N . Figure 1shows the approximate solution for N = 3, 5 and 7. In these runs we used the initial guessqN (t) = 0. We observe good re
overy of the 
oeÆ
ient, q.Table 1: JN;h(�qN )h N=3 N=5 N=7 N=9 N=11 N=130.10000 5.0596e-03 1.9198e-03 9.8530e-04 1.7070e-04 1.6238e-05 9.2322e-050.01000 3.5235e-03 1.0431e-03 1.7979e-04 8.4079e-05 8.1028e-07 2.2984e-060.00100 3.5753e-03 1.0140e-03 1.6455e-04 7.9288e-05 2.8211e-07 5.0901e-070.00010 3.5818e-03 1.0117e-03 1.6349e-04 7.8894e-05 2.4407e-07 3.9908e-07Table 2: Maximal error, i.e., maxi=0;1;:::;N�1 j�qN (�i)� q(�i)j, �i = 3i=(N � 1)h N=3 N=5 N=7 N=9 N=11 N=130.10000 1.0632e+00 5.3507e-01 6.8827e-01 1.9085e+00 1.8369e+00 1.1990e+000.01000 6.6414e-01 1.3126e-01 1.5645e-01 3.5141e-01 2.2176e-01 1.7703e-010.00100 6.2379e-01 1.8571e-01 6.6345e-02 1.5572e-01 8.2484e-02 6.8315e-020.00010 6.1638e-01 1.9258e-01 4.6795e-02 1.4026e-01 6.9176e-02 8.2794e-02Example 5.2 Consider again the previous equationddt�x(t) + (0:5t2 � t� 0:5)x(t � �(t; x(t)))�= 0:0003tx(t) � 0:0255x(t � jx(t)j) + (0:5088t � 1:4895)x(t) + 2:99t; t � 0;x(t) = '(t); t 2 [�r; 0℄;where � is de�ned by (5.1). We have that x(t) = t2 is the solution of this IVP (for �(t; x(t)) �50) 
orresponding to the initial fun
tion '(t) = t2. We generate measurements at ti = 0:05i,i = 0; : : : ; 30 using the fun
tion x(t) = t2. 15



The knowledge of the exa
t initial interval is more essential in this example than in theprevious one. It follows from (5.1) that the \true" initial interval is a subset of [�50; 0℄. Butone does not want to de�ne the approximate initial fun
tions, 'N , on a larger interval thanne
essary, be
ause that would introdu
e unne
essary variables to the minimization problem.Moreover, the solution, and therefore the 
ost fun
tion, JN;h would be independent of thosevariables. One possible approa
h is the following: de�ne �r� � minfti � �(ti;Xi) : i =0; : : : ; 30g, and make the assumption that r = r�. (Whi
h is, in fa
t, true for our solution,x(t) = t2.) Sin
e maxfti � �(ti;Xi) : i = 0; : : : ; 30g > 0, we 
an see that all values of theinitial fun
tion between t = �0:5 and t = 0 are used in the equation. If, during the run, initialfun
tion values for t < �r� are requested, then one 
ould restart the pro
ess by sele
ting avalue �r < �r�, or, if possible, taking more measurements, and re
omputing �r� to get abetter guess of �r.Our goal is then to identify ' on the interval [�0:5; 0℄. Let ��N be the minimizer ofminJN;h(�N ) = 30Xi=0 jyh;N(ti)�Xij2;where we take the minimum over the N -dimensional linear spline fun
tions with equidistantmesh points in [�0:5; 0℄. One 
an obtain a priori estimates for ess supj _'(t)j and then for j'jCfrom (4.13), and use them as a 
onstraint in this minimization, but here, for simpli
ity, wesolved the un
onstrained minimization problem.Table 3 and 4 show the value of the 
ost fun
tion and the maximal error of the approximatesolution for several h and N . Figure 2 shows the approximate solution for N = 3, 5 and 7.We used the initial guess �N (t) = 0:5.Trying to identify ' on an interval larger than [�0:5; 0℄ introdu
es unne
essary parametersto the equation. On the other hand, our experien
e with our minimization routine is that thesolution remains equal to the initial guess between those mesh points whi
h do not belong tothe \true" initial interval. That is, if�rN denotes the �rst mesh point, where the approximatesolution is not equal to the initial guess, then �rN ! �r, i.e., one 
an re
over the beginningof the \true" initial interval. See [14℄ for a more detailed example.Example 5.3 Consider again the IVP of Example 5.1:ddt�x(t) + (0:5t2 � t� 0:5)x(t � �(t; x(t)))�= 0:0003tx(t) � 0:0255x(t � jx(t)j) + (0:5088t � 1:4895)x(t) + 2:99t; t � 0;x(t) = t2; t 2 [�r; 0℄;�(t; x) = minna+ bt+ 
jxj; 50o;where a, b and 
 are parameters, satisfying minfa; b; 
g � 0:001. The solution of the IVP isx(t) = t2 
orresponding to parameter values a = 0:5, b = 0:5 and 
 = 0:01. In this examplewe identify these parameters. We use the measurements of Example 5.2, and the initialparameter values a = 0:25, b = 0:25 and 
 = 0:25. The numeri
al results are presented inTable 5.The main problem in identifying �(t; x) is that there is no hope to re
over � as a fun
tionof x using only one set of measurements, sin
e the approximation uses values of � along the16



Table 3: JN;h( �'N )h N=3 N=5 N=7 N=9 N=11 N=130.10000 6.8331e-03 1.1835e-03 7.3757e-04 7.7210e-04 7.1118e-04 4.3269e-010.01000 4.6050e-04 3.6782e-05 1.1412e-05 7.2736e-06 6.0434e-06 5.3722e-060.00100 4.5456e-04 2.7043e-05 5.7129e-06 1.5963e-06 9.4420e-07 4.0088e-070.00010 4.5985e-04 2.7181e-05 5.7585e-06 1.6632e-06 9.8119e-07 4.6465e-07Table 4: Maximal error, i.e., maxi=0;1;:::;N�1 j �'N (�i)� '(�i)j, �i = �0:5i=(N � 1)h N=3 N=5 N=7 N=9 N=11 N=130.10000 2.2714e-01 2.6463e-01 2.6520e-01 2.6636e-01 2.6273e-01 2.3274e+010.01000 2.9694e-02 2.8321e-02 2.7231e-02 2.6925e-02 2.6533e-02 2.6347e-020.00100 1.0787e-02 4.5946e-03 3.3874e-03 2.7903e-03 2.6643e-03 2.5311e-030.00010 1.0274e-02 2.5566e-03 1.2419e-03 6.2784e-04 3.6297e-04 3.4763e-04solution only. Therefore one has to assume a 
ertain form of the dependen
e of � on t and x,and identify unknown parameters of the formula (like we did in this example), or assuming,e.g., that �(t; x) = �1(t) + �2(x), where �2 is known, identify only the time dependent part,�1. Table 5:h �a error �b error �
 error Jh(�a;�b; �
)0.1000 0.001000 0.499000 0.323625 0.176375 0.240148 0.230148 2.5368e-040.0100 0.201232 0.298768 0.723703 0.223703 0.001000 0.009900 2.0015e-060.0010 0.521671 0.021671 0.481883 0.018117 0.072947 0.062947 3.3664e-110.0001 0.500604 0.000604 0.499510 0.000490 0.014029 0.004029 2.5390e-11
Example 5.4 We 
lose this paper by an example where identifyability fails. Considerddt�x(t) + q(t)x(t� 1)� = 
os t; t 2 [0; 2℄;x(t) = 1; t 2 [�1; 0℄Clearly, x(t) = 1 is the solution of this IVP 
orresponding to q(t) = sin(t) + 
, where 
is an arbitrary 
onstant. Therefore, in this example, the inverse problem has no uniquesolution. We generated measurements Xi = 1 for ti = 0:05i, i = 0; 1; : : : ; 40, and 
onsideredN -dimensional linear spline approximations of q on [0; 2℄. Figure 3 
ontains the numeri
alsolution of the 
orresponding �nite dimensional minimization problems for N = 3, 5, 7, 9,and 11 and h = 0:001 (the solid line is the fun
tion sin t). In all runs we used qN = 0 as theinitial 
ondition. Interestingly, the numeri
al results are approximately a shifted sin fun
tion,i.e., a possible \true parameter", where the magnitude of the shift depends on N , h and theinitial guess. 17
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