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tWe 
onsider a 
lass of neutral fun
tional di�erential equations with state-dependentdelays, and dis
uss existen
e, uniqueness, and numeri
al approximation of solutions of
orresponding initial value problems. In the sequel we make use of an Euler-type approx-imate method based on equations with pie
ewise 
onstant arguments.1 Introdu
tionIn this paper we study lo
al existen
e, uniqueness and numeri
al approximation of solutionsin a 
lass of neutral fun
tional di�erential equations (NFDEs) with state-dependent delaysdes
ribed by ddt�x(t) + q(t)x(t� �(t; x(t)))� = f�t; x(t); x(t� �(t; x(t)))�: (1.1)This is the single delay version (m = 1, l = 1) of the more general equationddt�x(t)+ mXi=1 qi(t)x(t��i(t; x(t)))� = f�t; x(t); x(t��1(t; x(t))); : : : ; x(t��l(t; x(t)))�: (1.2)We study (1.1) for simpli
ity of the presentation, but our results have a natural generalizationfor the multiple delay 
ase (see Remark 2.17 below).The time-dependent delay 
ase of (1.2) has been used widely in appli
ations (see e.g. [15℄).For well-posedness of time-dependent NFDEs of the form (1.2), or, in general, for NFDEs ofThis resear
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the form ddtD(t; xt) = f(t; xt) we refer to [6℄ and [7℄. To the best knowledge of the authors,a general theory of the state-dependent NFDE, (1.2), has not been studied before.Another typi
al 
lass of NFDEs (in
luding state-dependent delays) 
an be des
ribed by_x(t) = f�t; x(t); x(t� �(t; x(t))); _x(t� �(t; x(t)))�: (1.3)For 
orresponding well-posedness results we refer to [2℄, [3℄ and [13℄. Note that (1.1) and(1.3), espe
ially in the state-dependent 
ase, 
an not be easily transformed to the other form.In Se
tion 2 we de�ne an approximation s
heme based on equations with pie
ewise 
on-stant arguments (EPCAs), and using a 
lassi
al argument based on the Arsela-As
oli's Lem-ma, show lo
al existen
e of solutions of our equation. We also dis
uss uniqueness of thesolution, and show 
onvergen
e of the numeri
al method. In Se
tion 3 we present a fewnumeri
al examples.Note that EPCAs were used �rst in [4℄ to obtain numeri
al approximation s
hemes and toprove the 
onvergen
e of the approximation method for linear delay and neutral di�erentialequations with 
onstant delays, and later in [5℄ for nonlinear delay equations with state-dependent delays. EPCA based numeri
al s
hemes were used in [8℄{[11℄ to de�ne numeri
almethods for identifying parameters in various 
lasses of fun
tional di�erential equations.We refer the interested reader to [12℄ and [14℄, and the referen
es therein, for numeri
alapproximation methods for NFDEs of the form (1.3).2 Existen
e, Uniqueness of SolutionsConsider the ve
tor NFDEddt�x(t) + q(t)x(t� �(t; x(t)))� = f�t; x(t); x(t� �(t; x(t)))�; t 2 [0; T ℄ (2.1)with initial 
ondition x(t) = '(t); t 2 [�r; 0℄: (2.2)By a solution of the initial value problem (IVP) (2.1)-(2.2) we mean a 
ontinuous fun
tion,x(t), su
h that t 7! x(t)+ q(t)x(t� �(t; x(t))) is 
ontinuously di�erentiable, and x(t) satis�es(2.1) and (2.2).We make the following assumptions:(H1) f 2 C([0; T ℄ � Rn � Rn; Rn) is lo
ally Lips
hitz-
ontinuous in its se
ond and thirdarguments, i.e., for every M � 0 there exists L1 = L1(M) � 0 su
h thatjf(t; x; y)� f(t; �x; �y)j � L1�jx� �xj+ jy � �yj�;for t 2 [0; T ℄, x; �x; y; �y 2 Rn, jxj, j�xj, jyj, j�yj �M ,(H2) q 2 C([0; T ℄; R) is Lips
hitz-
ontinuous, i.e., there exists L2 � 0 su
h thatjq(t)� q(�t)j � L2jt� �tj; for t; �t 2 [0; T ℄;2



(H3) �; � 2 C([0; T ℄�Rn; R) are su
h that(i) there exist r > 0 and r0 > 0 su
h that�r � t��(t; x) � t�r0 and �r � t��(t; x) � t; for t 2 [0; T ℄; x 2 Rn;(ii) � is lo
ally Lips
hitz-
ontinuous in its �rst and se
ond arguments, i.e., for everyM � 0 there exists 
onstants L3 = L3(M) � 0 and L4 = L4(M) � 0 su
h thatj�(t; x) � �(�t; �x)j � L3jt� �tj+ L4jx� �xj;for t; �t 2 [0; T ℄, x; �x 2 Rn, jxj, j�xj �M ,(iii) � is lo
ally Lips
hitz-
ontinuous in its se
ond argument, i.e., for every M � 0there exists L5 = L5(M) � 0 su
h thatj�(t; x)� �(t; �x)j � L5jx� �xjfor t 2 [0; T ℄, x; �x 2 Rn, jxj, j�xj �M ,(H4) ' 2 C([�r; 0℄; Rn) is Lips
hitz-
ontinuous on [�r; 0℄, i.e., there exists L6 � 0 su
h thatj'(t)� '(�t)j � L6jt� �tj; for t; �t 2 [0; T ℄:Here, and throughout this paper, j � j denotes a ve
tor norm on Rn, jqjC and j'jC denotethe respe
tive supremum norms on C([0; T ℄; R) and C([�r; 0℄; Rn).We 
omment that for delay equations with state-dependent delays (q(t) = 0) (H1){(H4)are standard assumptions for existen
e and uniqueness (see e.g. [1℄ or [5℄).For h > 0 we introdu
e the \greatest integer fun
tion with respe
t to h", [t℄h � [t=h℄h,where [�℄ is the greatest integer fun
tion. It is a pie
ewise 
onstant, right 
ontinuous fun
tionsatisfying t� h < [t℄h � t: (2.3)Following the ideas of [4℄ and [10℄, we dis
retize (2.1) by 
hanging the time variable t tothe pie
ewise 
onstant fun
tion, [t℄h. Considerddt�yh(t) + q([t℄h)yh(t� [�([t℄h; yh([t℄h � h))℄h)�= f�[t℄h; yh([t℄h); yh([t℄h � [�([t℄h; yh([t℄h))℄h)� (2.4)for t 2 [0; T ℄, with the initial 
onditionyh(t) = '(t); t 2 [�r; 0℄: (2.5)Note that we also introdu
ed a delayed se
ond argument of � in order to get an expli
itre
ursive formula for the approximate solution (see (2.7)-(2.8) below). We will show that thesolutions of IVP (2.4)-(2.5) approximate that of IVP (2.1)-(2.2) as h! 0+.The subs
ript h of yh(t) emphasizes that yh(t) is the solution of (2.4) 
orrespondingto the dis
retization parameter h. By a solution of IVP (2.4)-(2.5) we mean a fun
tion3



yh : [�r; T ℄ ! Rn, whi
h is de�ned on [�r; 0℄ by (2.5), su
h that the fun
tion t 7! yh(t) +q([t℄h)yh(t � [�([t℄h; yh([t℄h � h))℄h) is 
ontinuous on [0; T ℄, and its derivative exists at ea
hpoint t 2 [0; T ), with the possible ex
eption of the points kh (k = 0; 1; 2; : : :) where �nite one-sided derivatives exist, and the fun
tion yh satis�es (2.4) on ea
h interval [kh; (k+1)h)\ [0; T ℄(k = 0; 1; 2; : : :).This de�nition yields that (2.4) is equivalent to the integral equationyh(t) + q([t℄h)yh(t� [�([t℄h; yh([t℄h � h))℄h) = '(0) + q(0)'(�[�(0; '(�h))℄h)+ Z t0 f�[s℄h; yh([s℄h); yh([s℄h � [�([s℄h; yh([s℄h))℄h)� ds: (2.6)Hen
e applying the method of steps and using that '(t) is a.e. di�erentiable by (H4) weimmediately obtain the next lemma.Lemma 2.1 Let 0 < h � r0. Then IVP (2.4)-(2.5) has a unique, a.e. di�erentiable solutionon [0; T ℄.Sin
e the initial fun
tion is 
ontinuous but [t℄h is only right 
ontinuous at mesh points kh(left-limit of [t℄h exists at mesh points) we get that yh(t) is, in general, only right-
ontinuousat mesh points, and it has jump dis
ontinuities at mesh points. We introdu
e the notationah(k) � yh(kh) and bh(k) � limt!kh� yh(t) for the value of the solution and its left-sidedlimit at mesh points, respe
tively. Integrating (2.4) from kh to t and taking the limit ast! (k + 1)h+ yields the re
ursive formulaah(k + 1) = ah(k) + q(kh)ah(k � [�(kh; ah(k � 1))=h℄)� q((k + 1)h)ah(k + 1� [�((k + 1)h; ah(k))=h℄) (2.7)+ hf(kh; ah(k); ah(k � [�(kh; ah(k))=h℄)); for k = 0; 1; : : : ;ah(k) = '(kh); for � r � kh � 0; k = 0;�1; : : : : (2.8)This re
ursive formula uses past values of the solution only at mesh points. Note that yh(t),in general, is not linear on (kh; (k + 1)h), so the 
omputation of yh(t) between mesh pointsis not 
onvenient.The 
ontinuity of yh(t)+q([t℄h)yh(t� [�([t℄h; yh([t℄h�h))℄h) and '(t) at mesh points yieldbh(k + 1) = ah(k + 1)� q(kh)bh(k + 1� [�(kh; ah(k � 1))=h℄) (2.9)+ q((k + 1)h)ah(k + 1� [�((k + 1)h; ah(k))=h℄); k = 0; 1; : : : ;bh(k) = '(kh); for k = 0;�1; : : : ; �r � kh � 0: (2.10)Our proof of lo
al existen
e will be based on the following lemmas.Lemma 2.2 Assume (H1){(H4). Let h0 � r0=2. Then there exist 
onstants M1 > 0, � =�(M1), and M2 = M2(M1) su
h that 0 < � � r0=2,jyh(t)j �M1; t 2 [�r; �℄; 0 < h � h0; (2.11)and j _yh(t)j �M2; a.e. t 2 [�r; �℄; 0 < h � h0: (2.12)4



Proof FixM1 > K � jqjC j'jC + (1 + jq(0)j)j'jC + r02 maxfjf(t; 0; 0)j : t 2 [0; r0=2℄g:We show that we 
an �nd 
orresponding � = �(M1) and M2 = M2(M1) whi
h satisfy (2.11)and (2.12).Let wh(t) � max�r�u�t jyh(u)j, L1 = L1(M1) be the 
onstant from (H1), and let 0 <�h � r0=2 be the largest number su
h that jyh(t)j < M1 on [�r; �h). Then (2.6), (2.3), and(H1) imply for t 2 [0; �h℄:jyh(t)j � jq([t℄h)jjyh(t� [�([t℄h; yh([t℄h � h))℄h)j+ j'(0)j + jq(0)jj'(�[�(0; '(�h))℄h)j+ Z t0 ���f�[s℄h; yh([s℄h); yh([s℄h � [�([s℄h; yh([s℄h))℄h)�� f([s℄h; 0; 0)��� ds+ Z t0 jf([s℄h; 0; 0)j ds� jqjC jyh(t� [�([t℄h; yh([t℄h � h))℄h)j+ (1 + jq(0)j)j'jC + Z r0=20 jf([s℄h; 0; 0)j ds+ L1 Z t0 �jyh([s℄h)j+ jyh([s℄h � [�([s℄h; yh([s℄h))℄h)j�ds:For 0 < h � h0 and t 2 [0; r0=2℄ 
ondition (H3) (i) and (2.3) implyt� [�([t℄h; yh([t℄h � h))℄h � t� [r0℄h � t� r0 + h � t� r0=2 � 0: (2.13)Therefore the monotoni
ity of wh yieldswh(t) � K + 2L1 Z t0 wh(s) ds; t 2 [0; �h℄;and hen
e jyh(t)j � wh(t) � Ke2L1�h ; t 2 [0; �h℄;so (2.11) holds with � = minflog(M1=K)=(2L1); r0=2g.Sin
e q([t℄h) and �([t℄h; yh([t℄h � h)) are 
onstant on ea
h interval (kh; (k + 1)h), and by(H4) the initial fun
tion, '(t), is a.e. di�erentiable, it follows that yh(t) is a.e. di�erentiable,and _yh(t) = �q([t℄h) _'(t� [�([t℄h; yh([t℄h � h))℄h) (2.14)+ f�[t℄h; yh([t℄h); yh([t℄h � [�([t℄h; yh([t℄h))℄h)�; a.e. t 2 [0; �℄:Therefore, we have thatM2 = maxnjqjCL6 +maxfjf(t; x; y)j : t 2 [0; T ℄; jxj; jyj �M1g; L6o (2.15)satis�es (2.12).Remark 2.3 It is easy to see that if f is globally Lips
hitz-
ontinuous in its se
ond andthird arguments, then � = r0=2 
an be used in Lemma 2.2.5



The next result shows that the jumps of the solutions of IVP (2.4)-(2.5) at mesh pointsgo to 0 as h! 0+.Lemma 2.4 Assume (H1){(H4). Let h0, �, M1 and M2 be de�ned by Lemma 2.2, L4 =L4(M1) be the 
onstant from (H3) (ii), and assume that jqjCL4L6 < 1. Then there exists a
onstant M3 � 0 su
h thatjah(k)� bh(k)j �M3h; for 0 < h � h0; k = 1; 2; : : : ; [�=h℄: (2.16)Proof It follows from (2.9) thatjah(k + 1)� bh(k + 1)j = jq((k + 1)h)ah(k + 1� [�((k + 1)h; ah(k))=h℄)� q(kh)bh(k + 1� [�(kh; ah(k � 1))=h℄)j� jq((k + 1)h) � q(kh)jjah(k + 1� [�((k + 1)h; ah(k))=h℄)j+ jq(kh)jjah(k + 1� [�((k + 1)h; ah(k))=h℄)� bh(k + 1� [�(kh; ah(k � 1))=h℄)j:Let L3 = L3(M1) and L4 = L4(M1) be the 
onstants from (H3) (ii). Then (2.13), (2.8),(2.10), (2.3), (H2){(H4) imply for k < [�=h℄:jah(k + 1)� bh(k + 1)j� jq((k + 1)h)� q(kh)jj'((k + 1)h � [�((k + 1)h; ah(k))℄h)j+ jqjC j'((k + 1)h� [�((k + 1)h; ah(k))℄h)� '((k + 1)h � [�(kh; ah(k � 1))℄h)j� jq((k + 1)h)� q(kh)jj'jC + jqjCL6j[�((k + 1)h; ah(k))℄h � [�(kh; ah(k � 1))℄hj� L2hj'jC + jqjCL6(2h + L3h+ L4jah(k)� ah(k � 1)j)� L2hj'jC + jqjCL6(2h + L3h+ L4jbh(k)� ah(k � 1)j) + jqjCL4L6jah(k)� bh(k)j:Hen
e, noting that jbh(k)� ah(k � 1)j �M2h by (2.12), it follows thatjah(k + 1)� bh(k + 1)j � L2hj'jC + jqjCL6(2h + L3h+ L4M2h) + jqjCL4L6jah(k)� bh(k)j:Therefore the assumed 
ondition jqjCL4L6 < 1 yields the statement of the lemma withM3 = (L2j'jC + jqjCL6(2 + L3 + L4M2))=(1 � jqjCL4L6): (2.17)Remark 2.5 If q and � are 
onstant fun
tions, then M3 = 0, i.e., yh is 
ontinuous.Lemma 2.6 Assume (H1){(H4). Let h0, �, M1, M2 and M3 be de�ned by Lemma 2.2 and2.4, L4 = L4(M1) be the 
onstant from (H3) (ii), and assume that jqjCL4L6 < 1. Then thereexist a sequen
e fhkg and a fun
tion x 2 C([�r; �℄; Rn) su
h that hk ! 0+ as k !1, andsup�r�t�� jyhk(t)� x(t)j ! 0; as k !1:6



Proof For 0 < h � h0 de�ne the fun
tion zh 2 C([�r; �℄; Rn) byzh(t) � ( ah(k) (k+1)h�th + ah(k + 1) t�khh ; t 2 [kh; (k + 1)h); 0 � k � [�℄h;'(t); t 2 [�r; 0℄: (2.18)The fun
tion zh is the linear spline interpolation of yh on [0; �℄ using the mesh points kh.Fix t 2 [kh; (k + 1)h), and let � � (t� kh)=h. Then (2.11) yieldsjzh(t)j � jah(k)j� + jah(k + 1)j(1 � �) �M1; 0 < h � h0: (2.19)The de�nition of zh and (2.12) and (2.16) implyj _zh(t)j = ����ah(k + 1)� ah(k)h ����� ����bh(k + 1)� ah(k)h ����+ ����ah(k + 1)� bh(k + 1)h ����� M2 +M3: (2.20)Relations (2.19) and (2.20) show that fzh : 0 < h � h0g is a family of uniformly boundedand equi
ontinuous fun
tions, therefore, by Arsela-As
oli's Lemma, there exist a sequen
efhkg and a fun
tion x 2 C([�r; �℄; Rn) su
h that hk ! 0+ as k !1, andsup�r�t�� jzhk(t)� x(t)j ! 0; as k !1:Finally, the inequalitiesjyhk(t)� x(t)j � jyhk(t)� zhk(t)j+ jzhk(t)� x(t)j� jyhk(t)� ahk(k)j� + jyhk(t)� bhk(k + 1)j(1 � �)+ jahk(k + 1)� bhk(k + 1)j(1 � �) + jzhk(t)� x(t)j� (M2 +M3)hk + jzhk(t)� x(t)jestablish the lemma.Remark 2.7 It follows from the proof of the previous lemma thatjzh(t)� yh(t)j � (M2 +M3)h; t 2 [�r; �℄; 0 < h � h0:Lemma 2.8 Suppose that the assumptions of Lemma 2.6 hold. Thenjyh(t)� yh(�t)j � (M2 +M3)jt� �tj; t; �t 2 [�r; �℄; 0 < h � h0: (2.21)Proof Assume �rst that 0 � t � �t � � are su
h that t 2 [kh; (k+1)h) and �t 2 [mh; (m+1)h).Then (2.12) and (2.16) implyjyh(t)� yh(�t)j� jyh(t)� bh(k + 1)j+ mXi=k+1 jah(i)� bh(i)j + m�1Xi=k+1 jbh(i+ 1)� ah(i)j+ jyh(�t)� ah(m)j� M2(t� (k + 1)h) + (m� k)M3h+ (m� k � 1)M2 +M2(�t�mh)� (M2 +M3)jt� �tj: 7



For t; �t 2 [�r; 0℄ the inequality L6 � M2 yields (2.21). Finally, for �r � t � 0 � �t � � theinequalitiesjyh(t)� yh(�t)j � jyh(t)� yh(0)j+ jyh(0)� yh(�t)j � L6(�t) + (M2 +M3)�t � (M2 +M3)jt� �tj
on
lude the proof of the lemma.Now we are ready to prove existen
e and uniqueness of solutions of IVP (2.1)-(2.2).Theorem 2.9 Assume (H1){(H4). Let h0, �, M1, M2 and M3 be de�ned by Lemma 2.2and 2.4, L4 = L4(M1) be the 
onstant from (H3) (ii), and assume thatjqjCL4L6 < 1: (2.22)Then IVP (2.1)-(2.2) has a Lips
hitz-
ontinuous solution, x(t), on [�r; �℄.Proof For every 0 < h � h0 
onsider IVP (2.4)-(2.5), and let yh be the 
orrespondingsolution. Lemma 2.6 yields the existen
e of a sequen
e fhkg and a fun
tion x 2 C([�r; �℄; Rn)su
h that hk ! 0+ and yhk(t) 
onverges to x(t) as k ! 1, uniformly on [�r; �℄. Clearly,x(t) = '(t) on [�r; 0℄, and jx(t)j �M1 for t 2 [�r; �℄.We need to show that x(t) satis�es the following integral equation for t 2 [0; �℄:x(t) + q(t)x(t� �(t; x(t))) = '(0) + q(0)'(��(0; '(0))) + Z t0 f(s; x(s); x(s� �(t; x(s)))) ds:(2.23)Using (2.6), yhk(t) satis�es the integral equationyhk(t) + q([t℄hk)yhk(t� [�([t℄hk ; yhk([t℄hk � hk))℄hk) = '(0) + q(0)'(�[�(0; '(�hk))℄hk)+ Z t0 f�[s℄hk ; yhk([s℄hk); yhk([s℄hk � [�([s℄hk ; yhk([s℄hk))℄hk)� ds: (2.24)The 
ontinuity of q, ' and � , and (2.3) yield thatq([t℄hk)! q(t); and [�(0; '(�hk))℄hk ! �(0; '(0)); as k !1: (2.25)Next we show thatyhk(t� [�([t℄hk ; yhk([t℄hk � hk))℄hk)! x(t� �(t; x(t))) as k !1: (2.26)Let L4 = L4(M1) be the 
onstant from (H3), and 
onsider the estimatesj[�([t℄hk ; yhk([t℄hk � hk))℄hk � �(t; x(t))j� j[�([t℄hk ; yhk([t℄hk � hk))℄hk � �([t℄hk ; yhk([t℄hk � hk))j+ j�([t℄hk ; yhk([t℄hk � hk))� �([t℄hk ; x(t))j + j�([t℄hk ; x(t))� �(t; x(t))j� hk + L4jyhk([t℄hk � hk)� x(t)j+ j�([t℄hk ; x(t)) � �(t; x(t))j� hk + L4jyhk([t℄hk � hk)� yhk(t)j+ L4jyhk(t)� x(t)j+ j�([t℄hk ; x(t)) � �(t; x(t))j� hk + 2L4M2hk + L4jyhk(t)� x(t)j+ j�([t℄hk ; x(t)) � �(t; x(t))j! 0; as k !1: 8



Hen
e, using Lemma 2.8,jx(t� �(t; x(t))) � yhk(t� [�([t℄hk ; yhk([t℄hk � hk))℄hk))j� jx(t� �(t; x(t))) � yhk(t� �(t; x(t)))j+ jyhk(t� �(t; x(t))) � yhk(t� [�([t℄hk ; yhk([t℄hk � hk))℄hk))j� jx(t� �(t; x(t))) � yhk(t� �(t; x(t)))j+ (M2 +M3)j�(t; x(t)) � [�([t℄hk ; yhk([t℄hk � hk))℄hk)jimplies (2.26). Similarly, yhk([t℄h � [�([t℄hk ; yhk([t℄hk))℄hk) ! x(t � �(t; x(t))) as k ! 1.Therefore Lebesgue Dominant Convergen
e Theorem, the 
ontinuity of f , the estimate���f�[s℄hk ; yhk([s℄hk); yhk([s℄hk � [�([s℄hk ; yhk([s℄hk))℄hk)����� maxfjf(u; v; w)j : u 2 [0; �℄; jvj; jwj �M1g; s 2 [0; �℄;together with (2.25) and (2.24) imply (2.23). Consequently x(t) is a solution of IVP (2.1)-(2.2).To show that x(t) is Lips
hitz-
ontinuous, �x �r � t < �t � �, and " > 0. Let k be su
hthat supfjyhk(u)� x(u)j : u 2 [�r; �℄g < "jt� �tj=2. Then Lemma 2.8 yieldsjx(t)� x(�t)j � jx(t)� yhk(t)j+ jyhk(t)� yhk(�t)j+ jyhk(�t)� x(�t)j� (M2 +M3 + ")jt� �tj:Sin
e " > 0 is arbitrary, it follows that x(t) is Lips
hitz-
ontinuous with Lips
hitz-
onstantM2 +M3.Remark 2.10 The proof of Theorem 2.9 yields that the solution obtained by the theoremsatis�es j _x(t)j �M2 +M3; for a.e. t 2 [�r; �℄;where M2 and M3 are de�ned by (2.15) and (2.17), respe
tively.Next we state a slightly generalized version of Lemma 3.2 from [4℄.Lemma 2.11 Let a > 0, b � 0, � � 0, � > 0, 
 � maxf�; �g, and g : [0; T ℄ ! [0;1)be 
ontinuous and nonde
reasing. Let u : [�
; T ℄ ! [0;1) be 
ontinuous ex
ept at �nitemany points 0 < t1 < t2 < : : : < tm � T , where �nite one-sided limits exist, and satisfy theinequality u(t) � g(t) + bu(t� �) + a Z t0 u(s� �) ds; t 2 [0; T ℄:Then u(t) � d(t)e
t for t 2 [0; T ℄, where 
 is the unique positive solution of 
be�
�+ae�
� = 
,and d(t) � max� g(t)1� be�
� ; max�
�s�0 e�
su(s)� ; t 2 [0; T ℄:9



This result was stated and proved in [4℄ for the 
ase when u(t) is 
ontinuous. The proof forthis 
ase is an obvious modi�
ation of that of the 
ontinuous 
ase, and therefore we will notin
lude the proof here.The uniqueness of the solution follows from the following theorem.Theorem 2.12 Assume (H1){(H4), and let x(t) be a Lips
hitz-
ontinuous solution of IVP(2.1)-(2.2) on [�r; �℄. Let M�1 � maxfjx(t)j : t 2 [�r; �℄g+ " for some " > 0, L4 = L4(M�1 )be the 
orresponding 
onstant from (H3) (ii), and M�2 � ess supfj _x(t)j : t 2 [�r; �℄g. IfjqjCL4M�2 < 1; (2.27)then x(t) is the unique solution of IVP (2.1)-(2.2) on [�r; �℄, andlimh!0+ sup0�t�� jx(t)� yh(t)j = 0; (2.28)where yh is the solution of the initial value problem (2.4)-(2.5).Proof For h > 0 let 0 < �h � � be the largest number su
h that jyh(t)j < M�1 for [0; �h).Su
h �h exists sin
e M�1 > j'jC .Clearly, the uniqueness of the solution follows if we prove (2.28). To show (2.28) wesubtra
t (2.6) from (2.23):x(t)� yh(t) = �q(t)x(t� �(t; x(t))) + q([t℄h)yh(t� [�([t℄h; yh([t℄h � h))℄h)+ q(0)'(��(0; '(0))) � q(0)'(�[�(0; '(�h))℄h)+ Z t0 f�s; x(s); x(s� �(s; x(s)))� ds� Z t0 f�[s℄h; yh([s℄h); yh([s℄h � [�([s℄h; yh([s℄h))℄h)� ds:Let L1 = L1(M�1 ) be the 
onstant from (H1). Then (H1) and (H2) yield for t 2 [0; �h℄:jx(t)� yh(t)j� jq(t)� q([t℄h)jjyh(t� [�([t℄h; yh([t℄h � h))℄h)j+ jq(t)jjx(t � �(t; x(t))) � yh(t� [�([t℄h; yh([t℄h � h))℄h)j+ jq(0)jj'(��(0; '(0))) � '(�[�(0; '(�h))℄h)j+ Z t0 ���f�s; x(s); x(s� �(s; x(s)))� � f�[s℄h; x(s); x(s� �(s; x(s)))���� ds+ Z t0 ���f�[s℄h; x(s); x(s� �(s; x(s)))�� f�[s℄h; yh([s℄h); yh([s℄h � [�([s℄h; yh([s℄h))℄h)���� ds:� L2M�1h+ jqjC jx(t� �(t; x(t))) � yh(t� [�([t℄h; yh([t℄h � h))℄h)j+ jqjCL6j�(0; '(0)) � [�(0; '(�h))℄hj+ Z t0 ���f�s; x(s); x(s� �(s; x(s)))� � f�[s℄h; x(s); x(s� �(s; x(s)))���� ds+ L1 Z t0 �jx(s)� yh([s℄h)j+ jx(s� �(s; x(s)))) � yh([s℄h � [�([s℄h; yh([s℄h))℄h))j� ds:(2.29)10



Let wh(t) � max�r�u�t jx(u) � yh(u)j, and L3 = L3(M�1 ) be the 
onstant from (H3) (ii).Then (2.13) and (H3) (ii) yieldjx(t� �(t; x(t))) � yh(t� [�([t℄h; yh([t℄h � h))℄h))j� jx(t� [�([t℄h; yh([t℄h � h))℄h)� yh(t� [�([t℄h; yh([t℄h � h))℄h)j+ jx(t� �(t; x(t))) � x(t� [�([t℄h; yh([t℄h � h))℄h)j� wh(t� [�([t℄h; yh([t℄h � h))℄h) +M�2 j�(t; x(t)) � [�([t℄h; yh([t℄h � h))℄hj� wh(t� r0=2) +M�2 (h+ j�(t; x(t)) � �([t℄h; yh([t℄h � h))j)� wh(t� r0=2) +M�2 (h+ L3h+ L4jx(t)� yh([t℄h � h)j)� wh(t� r0=2) +M�2 (h+ L3h+ L4wh([t℄h � h) + 2L4M�2h): (2.30)Similarly, for t 2 [0; �h℄:jx(t� �(t; x(t)))) � yh([t℄h � [�([t℄h; yh([t℄h))℄h))j� wh([t℄h � �([t℄h; yh([t℄h))) +M�2 (2h+ j�(t; x(t)) � �([t℄h; x(t))j+ L5wh([t℄h) + L5M�2h):(2.31)Combining (2.29), (2.30) and (2.31), and the inequalities jx(t) � yh([t℄h)j �M�2h+ wh([t℄h),wh([t℄h�h) � wh([t℄h) � wh(t), and wh([t℄h��([t℄h; yh([t℄h))) � wh(t), we get for t 2 [0; �h℄:jx(t)� yh(t)j � gh(t) + jqjCL4M�2wh(t) + jqjCwh(t� r0=2) + L1(2 + L5M�2 ) Z t0 wh(s) ds;and therefore(1� jqjCL4M�2 )wh(t) � gh(t) + jqjCwh(t� r0=2) +L1(2 +L5M�2 ) Z t0 wh(s) ds; t 2 [0; �h℄;(2.32)wheregh(t) � L2M�1h+ jqjCM�2 (1 + L3 + L4M�2 )h+ jqjCL6(1 + L6)h+ M�2 (3 + L5M�2 )�h + L1M�2 Z �0 j�(s; x(s)) � �([s℄h; x(s))j ds+ Z �0 ���f�s; x(s); x(s� �(s; x(s)))�� f�[s℄h; x(s); x(s� �(s; x(s)))���� ds:Note that gh(t) is de�ned on [0; �℄. Lemma 2.11, (2.32) and wh(t) = 0 for t 2 [�r; 0℄ yieldthat yh(t) � wh(t) � dh(t)e�� for t 2 [0; �h℄, where � is the unique positive solution of�jqjCe��r0=2 + L1(2 + L5M�2 ) = (1� jqjCL4M�2 )�;and dh(t) � gh(t)1� jqjCL4M�2 � jqjCe��r0=2 :We introdu
e the following notations for h � 0, M � 0:!�(h;M) � supfj�(s; x) � �(�s; x)j : js� �sj � h; s; �s 2 [0; �℄; x 2 Rn; jxj �Mg; (2.33)!f (h;M) � supfjf(s; x; y)� f(�s; x; y)j : js� �sj � h; s; �s 2 [0; �℄; x; y 2 Rn; jxj; jyj �Mg:11



Using these notations, the de�nition of gh(t) impliesgh(t) � L2M�1h+ jqjCM�2 (1 + L3 + L4M�2 )h+ jqjCL6(1 + L6)h+ M�2 (3 + L5M�2 )�h + L1M�2!�(h;M�1 )�+ !f (h;M�1 )�: (2.34)The 
ontinuity of � and f yield that !�(h;M�1 ) ! 0 and !f (h;M�1 ) ! 0 as h! 0+. Hen
egh(t) ! 0 as h ! 0+, and therefore dh(t) ! 0 as h ! 0+ uniformly in t 2 [0; �℄. Inparti
ular, for some h0 > 0 it follows that sup0�t��h jx(t) � yh(t)j < ", hen
e jyh(t)j < M�1on [0; �h℄, therefore �h = � 
an be used for 0 < h < h0, and the theorem follows.Remark 2.13 If in addition to (H1){(H4) we assume that � and f are lo
ally Lips
hitz-
ontinuous in their �rst arguments with Lips
hitz-
onstants K1 and K2, respe
tively, then!�(h;M�1 ) � K1h, and !f(h;M�1 ) � K2h. Therefore in this 
ase the 
onvergen
e in (2.28) islinear in h, i.e., there exists a 
onstant K0 su
h that jx(t)� yh(t)j � K0h for t 2 [0; �℄.Remark 2.14 Theorem 2.12 and Remark 2.7 yield that under the assumption of Theo-rem 2.12, limh!0+ sup0�t�� jx(t)� zh(t)j = 0;where zh is de�ned by (2.18). Therefore in pra
ti
e it is 
onvenient to approximate IVP (2.1)-(2.2) using the s
heme generated by zh(t): 
ompute the sequen
e a(k) using the re
ursivede�nition (2.7)-(2.8), and then the approximate solution is the linear interpolate of thesevalues.Remark 2.15 If �(t; x) is independent of x, then L4 = 0 
an be used in (H3) (ii), thereforethe 
onditions (2.22) and (2.27) in Theorem 2.9 and 2.12, respe
tively, are automati
allysatis�ed.Remark 2.16 Let M1, M2 and M3 be the 
onstants from Lemma 2.2 and 2.4. Remark 2.10implies that 
ondition (2.27) of Theorem 2.12 
an be repla
ed by jqjCL4(M1)(M2+M3) < 1.Note that if a solution of IVP (2.1)-(2.2) is known, then (2.27) is usually a weaker 
ondition,sin
e M1 and M2 +M3 
ould be large estimates for max jx(t)j and ess supj _x(t)j.Remark 2.17 Theorem 2.9 and 2.12 
an be generalized for equations of the form (1.2):Assume that ea
h qi and �i satisfy (H2) and (H3) (with Lips
hitz-
onstants L(i)4 in (H3) (ii)).Then (H1){(H4) and the 
onditions L6Pmi=1 jqijCL(i)4 < 1, M�2 Pmi=1 jqijCL(i)4 < 1 imply thestatements of Theorem 2.9 and 2.12, respe
tively. The proofs of there results are immediate
onsequen
es of the results given for the IVP (2.1)-(2.2).
12



3 ExamplesExample 3.1 First we present an example of a state-dependent NFDE whi
h has two solu-tions. Consider ddt�x(t) + qx(t� �(t; x(t)))� = 1 (3.1)with initial 
ondition x(t) = 1q t+ 1; t 2 [�10; 0℄; (3.2)where �(t; x) � 8><>: 10; jxj > 10;jxj; 0:1 � jxj � 10;0:1; jxj < 0:1:Then 
learly (H1){(H4) are satis�ed, in parti
ular, r = 10, r0 = 0:1, � satis�es (H3) (ii)with L4 = 1, and ' satis�es (H4) with L6 = 1=q. It is easy to see that x1(t) = t + 1and x2(t) = t + 1 � t2 are solutions of IVP (3.1)-(3.2) for all t 2 [0; 9℄ and t 2 [0; 0:5℄,respe
tively. x1 is Lips
hitz-
ontinuous, and M�2 = ess supj _x1(t)j = maxf1; 1=qg. ThereforejqjCL4M�2 = maxf1; 1=qg, i.e., 
ondition (2.27) of Theorem 2.12 is not satis�ed.Example 3.2 Consider the state-dependent NFDEddt�x(t) + (0:5t2 � t� 0:5)x(t � �(t; x(t)))�= 0:0003tx(t) � 0:0255x(t � jx(t)j) + (0:5088t � 1:4895)x(t) + 2:99t; t � 0;x(t) = t2; t 2 [�50; 0℄;where �(t; x) = minn0:5 + 0:5t+ 0:01jxj; 50o:It is easy to 
he
k that x(t) = t2 is a solution of this IVP for t 2 [0; 49℄ (more pre
isely,until 0:5 + 0:5t + 0:01t2 � 50). The exa
t initial interval in this 
ase is [�0:5; 0℄, sin
eminft � �(t; t2)g = �0:5. If we 
onsider the interval [0; 5℄, then we 
an see that jqjC = 7and M�2 = ess supfj _x(t)j : t 2 [�0:5; 5℄g = 10. L4 = 0:01, therefore (2.27) holds, hen
ex(t) = t2 is the unique solution of the IVP, and Theorem 2.12 yields theoreti
al 
onvergen
eof our approximation method. Table 1 
ontains our numeri
al �ndings for di�erent valuesof the dis
retization parameter, h. The approximate solution 
onverges linearly to the truesolution. Note that in this 
ase we 
an observe 
onvergen
e of the approximate solution onthe interval [0; 7℄, i.e., on a larger interval than guaranteed by Theorem 2.12.Example 3.3 Consider the simple state-dependent neutral di�eren
e equationddt�x(t) + qx(t� �(t; x(t)))� = 0; t � 0; (3.3)x(t) = t+ 1; t 2 [�3; 0℄; (3.4)13



Table 1:h = 0:0100 h = 0:0010 h = 0:00010 h = 0:00001t yh(t) error yh(t) error yh(t) error yh(t) error1.0 0.9953075 4.693e-03 0.9995417 4.583e-04 0.9999546 4.543e-05 0.9999955 4.532e-062.0 3.9924221 7.578e-03 3.9993110 6.890e-04 3.9999312 6.883e-05 3.9999945 5.550e-063.0 8.9627737 3.723e-02 8.9962909 3.709e-03 8.9996242 3.758e-04 8.9999627 3.727e-054.0 15.8677646 1.322e-01 15.9877990 1.220e-02 15.9988234 1.177e-03 15.9998782 1.218e-045.0 24.6906086 3.094e-01 24.9686883 3.131e-02 24.9965592 3.441e-03 24.9996401 3.599e-046.0 35.3139144 6.861e-01 35.8793144 1.207e-01 35.9878106 1.219e-02 35.9993075 6.925e-047.0 39.3937123 9.606e+00 48.2541641 7.458e-01 48.9256982 7.430e-02 48.9925757 7.424e-03where �(t; x) = minft+ x2 + 1; 6g:Suppose that IVP (3.3)-(3.4) has a solution, x(t). Sin
e 0 � �(0; x(0)) = ��(0; 1) = �2,it follows that there exists �� > 0 su
h that t � �(t; x(t)) � 0 and t + (x(t))2 + 1 < 6 fort 2 [0; ��℄. Then IVP (3.3)-(3.4) is equivalent to the quadrati
 fun
tional equation�q(x(t))2 + x(t) + q � 1 = 0; t 2 [0; ��℄; x(0) = 1;whi
h has a unique solution, x(t) = 1, for all q. In fa
t, x(t) = 1 is a solution of the IVPfor t 2 [0; 4℄. Along this solution we have t � �(t; x(t)) = �2, i.e., r = 2 
an be used in(H3) (i). Compute M�1 = maxfjx(t)j : t 2 [�r; ��℄g + " = 1 + ", and M�2 = ess supfj _x(t)j :t 2 [�r; ��℄g = 1. We have L4(M) = 2M . Therefore for this equation 
ondition (2.27) isjqjL4(M�1 )M�2 = 2jqj + 2jqj" < 1. Theorem 2.12 yields that our numeri
al s
heme 
onvergesfor jqj < 0:5. Numeri
al experiments show that, in fa
t, jqj = 0:5 is a 
riti
al parameter value.In Table 2 we print out numeri
al solutions 
orresponding to q = �0:1, q = 0:1 and q = 0:4and several dis
retization 
onstants. We 
an see linear 
onvergen
e to the true solution. InTable 3 we print out the �rst 60 term of the approximate sequen
e for q = 0:55 and h = 0:01,0:001 and 0:0001. We 
an observe rapidly in
reasing error in ea
h 
ases. Note that the delayfun
tion be
omes the 
onstant 6 after the 18th, 36th and 58th terms, respe
tively, and thenthe dynami
s of the approximating equation is 
hanged.This example also illustrates that, of 
ourse, 
onditions (2.22) and (2.27) in Theorem 2.9and 2.12 are only suÆ
ient 
onditions. An IVP 
an have a solution or a unique solution evenif these 
onditions do not hold.Example 3.4 Finally, 
onsiderddt�x(t) + 12x(t� �(t; x(t)))� = 1; t � 0; (3.5)x(t) = 1; t 2 [�15; 0℄; (3.6)where �(t; x) = 8><>: 15; jxj > 10;2jxj � 5; 4 < jxj � 10;12 jxj+ 1; jxj � 4:14



Table 2:h = 0:0100 h = 0:0010 h = 0:0001q t yh(t) error yh(t) error yh(t) error-0.1 1.0 0.9999000 1.00e-04 0.9999900 1.00e-05 0.9999990 1.00e-062.0 0.9999000 1.00e-04 0.9999900 1.00e-05 0.9999990 1.00e-063.0 0.9999000 1.00e-04 0.9999900 1.00e-05 0.9999990 1.00e-060.1 1.0 1.0020000 2.00e-03 1.0002000 2.00e-04 1.0000200 2.00e-052.0 1.0020000 2.00e-03 1.0002000 2.00e-04 1.0000200 2.00e-053.0 1.0020000 2.00e-03 1.0002000 2.00e-04 1.0000200 2.00e-050.4 1.0 1.0240000 2.40e-02 1.0024000 2.40e-03 1.0002400 2.40e-042.0 1.0240000 2.40e-02 1.0024000 2.40e-03 1.0002400 2.40e-043.0 1.0240000 2.40e-02 1.0024000 2.40e-03 1.0002400 2.40e-04Table 3:h = 0:0100 h = 0:0010 h = 0:0001t yh(t) error t yh(t) error t yh(t) error0.1 1.170500 0.170500 0.01 1.014850 0.014850 0.001 1.001430 0.0014300.2 3.101000 2.101000 0.02 1.058300 0.058300 0.002 1.005170 0.0051700.3 3.046000 2.046000 0.03 1.292600 0.292600 0.003 1.015455 0.0154550.4 2.991000 1.991000 0.04 3.179100 2.179100 0.004 1.047190 0.0471900.5 2.936000 1.936000 0.05 3.173600 2.173600 0.005 1.193105 0.1931050.6 2.881000 1.881000 0.06 3.168100 2.168100 0.006 3.196810 2.196810Clearly, (H1){(H4) are satis�ed. Sin
e �(0; x(0)) = �(0; 1) = 1:5 > 0, there exists �� > 0su
h that t � �(t; x(t)) � 0 for t 2 [0; ��℄. But then for t 2 [0; ��℄, the IVP is equivalentto _x(t) = 1, x(0) = 1, therefore its unique solution is x(t) = t + 1. One 
an verify that�� = 3 for this solution. Sin
e _x(3) = 1 > 0, x(t) > x(3) = 4 for t > 3, 
lose enough to 3.But then, for t su
h that x(t) > 4 and 0 < t � �(t; x(t)) < 3, the equation is equivalent toddt (x(t) + 12(t� 2x(t) + 6) = 1, whi
h has no solution. Shifting the initial time ba
k to zero,we get that �nding the 
ontinuation of the solution of IVP (3.5)-(3.6) for t � 3 is equivalentto solving (3.5) with the initial 
onditionx(t) = ( t+ 4; t 2 [�3; 0℄1; t 2 [�15;�3): (3.7)Condition (2.22) in Theorem 2.9 be
omes jqjCL4L6 = 12 � 2 � 1 = 1 for IVP (3.5)-(3.7), and,as we have seen, this IVP has no solution.This example illustrates that 
ontinuation of solutions for the 
lass of IVP (2.1)-(2.2)under our hypotheses may not exhibit the \usual" properties of that of ODEs or state-independent NFDEs. A maximal solution 
an exist on a 
losed �nite interval, and it 
anhave a �nite limit at the end of its time-domain.
15
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