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Abstract

In this paper we investigate the growth/decay rate of solutions of a class of nonlinear
Volterra difference equations. Our results can be applied for the case when the characteristic
equation of an associated linear difference equation has complex dominant eigenvalue with
higher than one multiplicity. Illustrative examples are given for describing the asymptotic
behavior of solutions in a class of linear difference equations and in several discrete nonlinear
population models.
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1 Introduction

Asymptotic behavior of difference equations has been studied by many authors. One of the first
result in this direction is the following theorem.

Theorem 1.1 (deBruijn (1950)) Let b; > 0, j = 0,...,k, bp > 0. Then for any sequence
{y(n)}n>—r satisfying

k

yin+1) = Y byn—j), n>0
j=0
p(m),

y(m) = m) —k <m <0,
the limit
k —1 . k . !
Tim Ag"y(n) = [@(0)+D by D AT () | [ LY biAgT (1.1)
j=1 i=—j J=1
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exists, where \g is the unique positive real root of

k
A=bp— Y bia7 =0.
j=1

Asymptotic behavior of solutions of various classes of difference equations was studied, e.g., in
[4]-[6], [8], [10], [14], [16], [26]-][30]. For example, Philos, Purnaras [27] have considered the
Volterra-type equation with infinite delay

yn+1)—yn) = > an—jy@), n=0
j=—o00
y(m) = ¢(m), m<O0.

They proved an asymptotic formula similar to (1.1). Note that in the above papers the rate
of growth/decay is exponential, since the dominant eigenvalue of the associated characteristic
equation is a positive real number.

Motivated by the above mentioned papers and our work done for asymptotic behavior of
abstract Volterra differential equations in [15], in this paper we study the asymptotic behavior
of the nonlinear difference equation

n—1

z(n) = y(n;) + > Hn,j+1)f(G (),  n>0, (1.2)
5=0

where f is a Volterra functional (see Section 2 below for the definition). Typically Eq. (1.2) is
a result of a variation-of-constant formula applied for a quasilinear difference equation. In this
paper, for simplicity, we assume that y(n; ) in (1.2) is linear in ¢, e.g., it may be a solution of a
linear difference equation. Our results can be generalized for the case if we omit this assumption
(see [15] for related works in the continuous case). In Section 2 we will give conditions which
guarantee that the growth/decay rate of the sequence y(n; ) is preserved for the solution of
Eq. (1.2). In our main result (Theorem 2.2 below) we assume that the growth/decay rate of the
sequence y(n; ) is not purely exponential, it may have the form

lim |p™"n""y(n; ¢) — do(y) cos yn — eq(p) sinyn| = 0. (1.3)
n—oo

Therefore the novelty of our results is that it can be applied also in the case when the dominant
eigenvalue of an associated characteristic equation is complex, moreover its algebraic multiplicity
can be higher than 1. Therefore we can conclude that in such a case the solutions of (1.2) exhibit
similar oscillatory asymptotic behavior with the same growth/decay rate. The proofs of the
main results are given in Section 5. In Section 3, as an application of our main result, we study
the asymptotic behavior of a class of linear difference equations which can be considered as
perturbations of autonomous difference equations. In Section 4 we show that our main theorem
can be applied to describe the asymptotic behavior of solutions in several classes of nonlinear
discrete population models, including Nicholson’s blowflies equation, Lasota-Wazewska model,
Mackey-Glass equation, Ricker’s equation, Pielou’s equation, moreover, more general discrete



models with several delays. For our model equations we obtain precise asymptotic representation
not only for the case of the real but also for the case of the complex dominant eigenvalue of an
associated characteristic equation. Note that for this latter case, to the best knowledge of the
authors, there are no similar results in the literature.

2 Main results

We introduce the following notations: 7Z is the set of integers, Ny and N denote the set of
nonnegative and positive integers, respectively, Ry = [0,00). The maximum norm defined on
R¢ and the corresponding induced matrix norm on R%*? are both denoted simply by | - |, i.e.
lu| = max{|u1l, ..., |ug|} for u = (u,...,ug)’ € R4

Let r € Ny be a fixed nonnegative integer. S([—r,00), R%) denotes the R? valued sequences
defined on [~r,00) NZ. S = S([-r,0],R?) is the space of R? valued finite sequences defined
on [-r,0] N Z. Let ¢ € S, then its norm is defined by ||¢|ls = max{|p(j)|: —r < j < 0}.
The space of linear operators from S to R? is denoted by L£(S,R?). We can consider ¢ € S
as a column vector (p(—r)7, p(—r + 1T, ...,0(0)")T € RC+DL Then we have § ~ R(+1)4
and £(9,R%) ~ R ("+1d where we use the maximum vector norm on RU+H? and the matrix
norm induced by the maximum vector norm on R0 So E ¢ £(S,R?) and ¢ € S can be
identified by their matrix and vector representations, respectively, and Ey can be considered as
matrix and vector multiplication. We note that any other p-norm (p > 1) could be used on RY,
we could appropriately change the definition of || - ||s so that we get an isometric isomorphism
between S and R("+1)4,

In this section we study the asymptotic behavior of the Volterra-type difference equation

n—1
z(n) =ymip) + > Hn,j+1)f(jz()), n>0 (2.4)
=0
with initial condition
z(j) =¢(j), —r<i<o0 (2.5)

for some ¢ € S.
We state our hypotheses:

(H1) For all » € S the sequence y(-; ) € S([—r, 00), RY) satisfies
y(gi9) =¢(d),  —r<j<q,
the map ¢ — y(n; ) is linear for all fixed n € Ny, and
ly(n: o)l < Mop"(n+1)*|lells,  n20, pes, (2.6)
where p > 0, kK € Ny and My > 1 are constants.
(H2) H(n,j) € R™? for 0 < j < n < oo are such that

c1 = sup p~ " (n—j+1)7*H(n,j)| < 0.
0<j<n



(H3) f: Ng x S([-r,00),R?) — R? is a Volterra-type functional, i.e., for all n > 0 and z,7 €
S([*T, oo)de)7

fn,a() = fln,2()), i 2(j) =2(), —r<j<n.
(H4) For all n > 0 and = € S([—r,00), RY),
Fna ()] < wln max p79G +r+ 1) H2()]). (27)
where w: Ng x Ry — Ry is such that
wn,uy) < w(n,us), up <wug and n € Ny, ug,us € Ry,

and there exists vg > 0 such that

c1 Zp*jw(j —1,v9) < vo. (2.8)
j=1

It is clear that for any ¢ € S, the IVP (2.4)-(2.5) has a unique solution, which is denoted by
(-5 ¢) € S([-r,00),RY).
We introduce the function

G: Ry — R, G(v) :v—clzp_jw(j—l,v). (2.9)
j=1

Assumption (2.8) yields that G(vg) > 0 for some vy > 0, therefore the constant
R :=sup{G(v): v > 0} (2.10)

is well-defined, and it is either positive or +0o0. We define the constant
M = max{ max p (G +r+1)7F, MO}. (2.11)
—r<j<0
It is easy to see that My > 1, moreover, My = My for p < 1. We define the set Y C S by
U= {go e S: Mi|ylls < R}. (2.12)

Finally,
m(|ells) = inf{v >0: G(v) > M1Hg0||s} (2.13)

is a well-defined nonnegative real number for all ¢ € U.
In Theorem 2.2 we give an exponential upper bound for the solutions of the IVP (2.4)-(2.5),

and in the second part of this theorem we give a limit relation based on the following three
additional hypotheses:



(H5) There exist Dy, Eg € £(S,R%) and v € R such that

lim ’p*”(n + 7+ 1)"Fy(n; ) — Dop cosyn — Egpsin ’yn’ =0
n—oo

for ¢ € S.
(H6) There exist P,Q: N — R%9 such that for all j > 0

lim \p*”‘”(n —j+1)"H(n, j) = P(j) cosyn — Q(j) sin vn\ =0,

n—oo
and
| P| :=sup |P(j)] <oo and Q[ :=sup|Q(j)| < oo.
>0 §>0

(H7) There is an initial sequence g € U such that
max{|Dogol . [Eogol} > (1PN + Q1) Y 7w — Lom(leolls).  (214)
j=1
Now we state our main result. Its proof is given in Section 5.
Theorem 2.2 Assume that (H1)-(H4) are satisfied.
(i) If ¢ € U, then any solution x(-;¢) of the IVP (2.4)-(2.5) satisfies
w(m; o) < p"(n+r+Dfm(lells),  n>-n (2.15)
where m(||¢lls) is defined in (2.13).

(ii) If in addition (H5)-(H6) hold, then for all ¢ € U there are vectors d(y),e(p) € RY such
that
z(n;p) = p(n+r+ 1) (d(gp) cosyn + e(p) sinyn + o(l)), (2.16)

asn — o0o. Moreover, if (H7) holds, then |d(¢o)|+|e(po)| # 0, where g is given in (2.14).
We note that asymptotic formula (2.16) is equivalent to
z(n; @) = p"n” (d(cp) cosyn + e(p) sinyn + 0(1)), n — oo.
In the special case when w(n,u) = p"a(n)u, Theorem 2.2 yields immediately the next result.

Theorem 2.3 Assume that (H1)-(H3) are satisfied, and
£ 2() < p'an)_mas o3+ 7+ 1) (), (2.17)

for alln >0 and x € S([—r,00),R?), where a € S([0,00),Ry) is such that
a1y a(j) <p. (2.18)
=0

Then



(i) For all ¢ € S the solution x(-;¢) of the IVP (2.4)-(2.5) satisfies
j2(n; )| < Map™(n+r+1)*olls,  n=-r, (2.19)
where
My
1= 3 50ald)

(i) If (H5) and (H6) also hold, then for all ¢ € S, there are d(y), e(p) € R? such that (2.16)
is satisfied. Moreover, if

My = (2.20)

max{|Dogol, [Eogol} > Mallolls(IP] + Q1) Y a(s), (2.21)
7=0

then |d(po)| + |e(vo)| > 0.

3 Asymptotic behavior of perturbed linear difference equations

In this section we consider the system of linear delay difference equations
N M
=> Aw(n—m)+> Bj(n)x(n—oj(n)), n=0, (3.22)
=0 Jj=0

where Az(n) = z(n+ 1) — x(n) is the forward difference operator. We consider this equation as
a perturbation of the associated autonomous linear difference equation

n) = ZAgy(n —T), n > 0. (3.23)

We assume
(A1) 0 <79 <7 <--- < Ty are integers, and A, € R4 0 < ¢ < N, and
(A2) Bj: Ng — R¥4 and o;: Ny — Ny, limy—oo(n — 0j(n)) = 00, 0 < j < M.
Let

roi= maX{TN, - Oglan{%rgn{n —oj(n )}}}

We associate the initial condition

z(n) =), —r<n<0 (3.24)

y(n) =), —7v<n<0. (3.25)



In this section we are looking for conditions which imply that the growth/decay rate of the
solutions of Eq. (3.22) is equal to that of the solutions of the autonomous linear system (3.23).

By definition, the fundamental solution of (3.23) is the d x d matrix valued sequence T'(n)
satisfying

N
AT(n) =Y AT(n—7), n>0, and T(0)=1I, T(j)=0 for —7y <j<O.
=0

Here I and 0 denote the d x d identity and zero matrices, respectively.
The characteristic equation associated to (3.23) is

N
§(\) := det (()\ —DI=-> Ag)\‘”> = 0. (3.26)
=0

A complex number A is called an eigenvalue of Eq. (3.23) if it is a solution of Eq. (3.26).
Ao = po(cosyp+isiny) is called a dominant eigenvalue of (3.23) if §(Ag) = 0 and || > sup{|}|:
§(A\) =0, X # X\g and A # \o}. The ascent of )¢ is the order of \g as a pole of §~1(\) (see [7],
[20]). It is known that the ascent of an eigenvalue A is less or equal to the algebraic multiplicity
of \.

We assume

(A3) XA = p(cosy + isinvy) is a dominant eigenvalue of Eq. (3.23) with p > 0 and ascent equal
to b+ 1.

Some basic results which follow directly from the theory of linear autonomous systems (see,
e.g., [9]) on the asymptotic representation of the solutions of Eq. (3.23) are summarized in the
following lemma.

Lemma 3.4 Assume (A1), (A3). Then the following statements hold.

(a) There exist Do, By € L(S,RY) such that for all ¢ € S the solution y(-;¢) of Eq. (3.23)-
(3.25) satisfies

y(n; @) = p"n¥ (Docp cosyn + Eppsinyn + 0(1)), as m — oo.

(b) There exist constant matrices P,Q € R™? for which

T(n) = p"(n+ 1) (Peosyn + Qsingn +o(1)),  as n— oc.

In the proof of the next theorem we will need the following estimate.

Lemma 3.5 For any ng > 0 there exists a > 0 such that the solution x(-;¢) of the IVP (3.22)-
(3.24) satisfies
lz(n; )| < (1 +a)"[|ells, n=0,1,...,n0.



Proof Let

N M
ai= A+ max 3 [Bj(n)]
/=0 7=0
Then, it is easy to see that (3.22) yields
lx(n+1)| < (14+a) max |z(j), n=0,1,...,no,
—r<j<n
which implies the statement. O

Next we state and prove the main result of this section.

Theorem 3.6 Assume (A1)-(A3), and

o0

M
nFY " |B;(n)|p 7™ < oo (3.27)
=0 j=0

n

Then there ezists K > 0 such that for every ¢ € S the solution z(-;¢) of Eq. (3.22)-(3.24)
satisfies
la(n; )| < Kp"(n+r+ 1 ells,  n>-r (3.28)

Moreover, for every ¢ € S there exist vectors d() and &(p) in RY such that
z(n; @) = p"n* (Elv(go) cosyon + €(p) sinyon + 0(1)), as n — oo. (3.29)
If, in addition,

oj(n) <7tn forj=0,...,M, ne Ny and det(An) # 0, (3.30)

then there exists ¢o € S such that |d(¢o)| + |€(po)| # 0 in (3.29).
Proof From Lemma 3.4 it follows that (H1) and (H2) hold with

¢ :=supp "(n+1)7F|T(n)| < oco.
0<n
Let 19 € S be a fixed initial sequence such that max{|Do|, |Eo¥|o} > 0, where Dyipg and Eytbg
are defined in Lemma 3.4 (i), let ||P| := sup{|P(j)|: j > 0} and ||Q|| := sup{|Q(j)|: 7 > 0},
where P(j) and Q(j) are defined in Lemma 3.4 (ii). Let 0 < k < 1, and define the constants

~ max{p~", Mo} . {HP HmaX{\Dowofaonwo)‘}}
R ket PR 7 P T er) I A

Assumption (3.27) yields there exists ng > r + 1 such that

00 M 00 M
D (n+no)* D T |Bj(n 4 no)|p ) = 3" kN " B;(n)|p 7™ < L.
n=0 7=0 n=ng 7=0



Let Ej (n) = Bj(n+ngp) and 6j(n) = 0j(n+ng) for n > 0. Then the previous inequality implies

o) M
> (n+r+ 1Y [B(n)p ™ < L. (3.32)
n=0 7=0

Let ¢ € S, ¢ # 0 be fixed, and z(n;¢) be the corresponding solution of (3.22)-(3.24). Let
Y(n) = z(n+np;p) for n = —r,...,0, and consider the sequence w(n) = w(n;v) defined by the
equation

N M
=Y Aw(n—7)+>_ Bj(nyw(n—5;(n), n=>0, (3.33)
=0 j=0
and the initial condition
w(n) = P(n), —r <n <0. (3.34)

Then, clearly, w(n) = x(n + ng; ) for n > —r.
Let f: Ng x S([~r,00),R?) — R be defined by

ZB w(n —5;(n)).

We get by using the variation-of-constants formula that the solution w(-;1) of (3.33)-(3.34)
satisfies

w(n;¥) = y(n +ZT —i=DfGw(;¢)  n>0,

where y(-; 1) denotes the solution of Eq. (3.23) corresponding to the initial function 1. Moreover,
for all (n,w) € Ny x S([—r,00), R%),

M

| f(n,w(-))| |1B;(n)|(n — &;(n) + r + 1)Fpr=7()

IN

7=0
x0T (0= G ) 7+ 1) Hwn = 5 (n)

pra(n) max p7(j+r+ 1) w(j)l, (3.35)

IN

where
M
an)=Mm+r+1 Z (n)|p~7 ™, n > 0.
=0

Thus it follows from the definition of L, (3.32) and (3.35) and Lemma 3.4 that conditions
(H1)-(H6) of Theorem 2.3 hold, therefore w(-; 1)) satisfies (2.19), i.e

w(n; )| < Map™(n+r+1)*[lls,  n>0, (3.36)
since
My > max {p’; Mg} '
1-= =0 a(j)



It follows from Lemma 3.5 that there exists M3 > 0 such that
[z(n; )| < Ms|lells,  n=0,1,...,no. (3.37)
Then (3.36) and x(n; ¢) = w(n — ne; ) yield
lz(n; )| < Mop™ ™™ (n — ng + 7 + 1)*Ms||¢||s, n > ng. (3.38)

K = max{ max Mgp ™I (j + 7+ 1)7% MoMgp™™, p~", 1} .
0<j<ng

Then (3.37) and (3.38) yield (3.28).
Theorem 2.3 (ii) can be applied for Eq. (3.33), hence

z(n;p) = w(n—ne;1)
_ pn—no (n —ng+7T+ 1)k (d(qp) CcoS 'y(n — no) + e(¢) Sin’Y(n - n(]) + 0(1)>a

as n — oo, which yields (3.29) with
dg) = pm(dw)cosmo — e() sinyno) (3.30)
e(p) = p ™ (d(z/J) sinyng + e(1)) cos ’yn()). (3.40)

It follows from (3.31), (3.32) and the definition of a(n) that g satisfies condition (2.21) in
Theorem 2.3, therefore |d(v)| + |e(1o)| # 0. It is easy to argue using assumption (3.30) that

there exists an initial function ¢g such that z(n; o) = 1o(n —ng) for n =ng —r,...,np. Then
(3.39)-(3.40) yield [d(eo)| + [€(p0)| # 0.
This completes the proof of the theorem. O

Note that assumption (3.30) can be replaced in Theorem 3.6 by the property that all solutions
of (3.22) can be extended to the left for n € Z.

The next corollary of Theorem 3.6 shows the importance of the factor p=7% (") in condition
(3.27). In the rest of this section [-] denotes the greatest integer function.

Corollary 3.7 Consider the delay difference equation

N M
Az(n) =Y Aw(n—1) + Y Cia([y;n)) (3.41)
=0 j=0

where (A1) holds and ~; € (0,1), C; € R4 0 < j < M.

If X = p(cosy +isinvy) is a dominant eigenvalue of Eq. (3.23) with p > 1 and ascent equal
to k + 1, then the statements of Theorem 3.6 are wvalid for any solution x(-;¢) of Eq. (3.41)
corresponding to initial function ¢ € S, where r = 1.

10



Proof Let o;: Ny — Ng and Bj: Ny — R4 be defined by

oj(n) =n— [y;n] and Bj(n) = Cj, n €Ny, 0<j <M.

Then
[%S) M
MO SICTALIND S it
n=0 7=0 = n=
< >l Sty
n=
< oo,
and hence by Theorem 3.6 the statement of the corollary follows. O

In the special case when M = 0 in (3.22), Theorem 3.6 has the following corollaries.
Corollary 3.8 Suppose (A1)-(A3) hold with M =0, and
oo(n)

(i) —r <n—op(n) <n, n >0 and lim —— =aq,

n—oo n
(i) lim ¥/[Bo(n)] < p°,
n—oo

Then there exist K > 0 and d(), (@) € R? such that for all ¢ € S the solution z(-; @) of (5.22)
satisfies (3.28) and (3.29).

Proof Condition (i) and (ii) and the root test yield that

Z n*|Bo(n)|p~7°™ < oco.
therefore Theorem 3.6 is applicable. O

We note condition (i) holds, e.g., for delays of the form og(n) = [an|, n € Ny, where 0 < o < 1.

The next result follows from Corollary 3.8 with a = 0.
Corollary 3.9 Suppose (A1)-(A3) hold with M =0, and
(i) 0 <op(n) <, n >0,

(ii) lim 3/[Bo(n)] < 1.

Then there exist K > 0 and d(p),e(¢) € R? such that for all ¢ € S the solution z(-; @) of (3.22)
satisfies (3.28) and (3.29).

11



4 Applications to discrete population models

4.1 Clark’s model

Clark’s equation is a simple but quite general discrete population model where the size of the
next generation equals to the number of the survivals and the recruitments, which is a nonlinear
function of the size of the population r years before (see, e.g., [5], [12], [18]). The Clark’s model
has the form

zin+1) =az(n) + g(z(n — 1)), n >0,

where a € (0,1] is the survival rate, and g: Ry — Ry is the recruitment function. We rewrite
this equation as
Az(n) = =dz(n) + g(z(n — 1)), n >0, (4.42)

where § =1 — « € [0,1) is the death rate.
We assume

(B1) 6 € [0,1), g: Ry — R, is twice continuously differentiable with L := sup |¢" (u)| < oo;
u>0

(B2) Equation (4.42) has a positive equilibrium ¢ > 0.

One important particular case of Clark’s equation is the discrete Nicholson’s blowflies differ-
ence equation ([13], [18], [33]), where the recruitment function g has the form g(u) = pue™**,
and p and a are positive constants. In this case 0 is always an equilibrium of (4.42), but it has
a unique positive equilibrium ¢ if p > 4, and it has no positive equilibrium if p < §. We refer
to [18] for a short survey and comparison of conditions guaranteeing that the unique positive
equilibrium is a global attractor of the positive solutions. Clearly, g = pue™®* has a bounded
second derivative on R, so (B1) is satisfied.

Another important subclass of (4.42) is the discrete version of the Lasota-Wazewska red-
blood model (see [18], [19], [25]), where g has the form g(u) = pe~®", and p,a > 0. For this
model, assuming ¢ € (0, 1), (4.42) always has a unique equilibrium which is positive, and (B1)
also holds.

Finally, consider the discrete analogue of the Mackey-Glass equation in haematopoiesis ([11]),
ie., (4.42) with g(u) = H% with p, 3 > 0. It is easy to see that this equation always has a
positive equilibrium, and g satisfies (B1).

We associate the initial condition

z(n) =¢m), —r<n<0 (4.43)

to (4.42). Note that if we start from a nonnegative initial sequence ¢(—r),...,¢(0) > 0, then
the corresponding solutions z(n; ¢) of (4.42) will be nonnegative for all n > 1. We will restrict
our interest to solutions starting from nonnegative initial sequences.

In this section we examine the asymptotic behavior of solutions of (4.42) in the neighborhood
of the positive equilibrium c. Note that we do not assume that (4.42) has a unique equilibrium,
¢ denotes any fixed positive solution of

—dc+g(c) = 0.

12



We introduce the new variable z(n) = z(n) — ¢. Then the sequence x satisfies
Ax(n) = —dx(n) — dc+ g(z(n —r) + ¢), n >0,
and therefore
Az(n) = —dx(n) + glx(n — 1) + ¢) — g(c), n > 0.
Hence z is the solution of
Ax(n) = —0x(n) + qx(n —7r) + f(x(n —1)), n >0, (4.44)
where
g=g'(c) and  f(u)=g(utc)—glc)—qu, u€[-c00).

We associate the linear difference equation
Ay(n) = =by(n) + qy(n—r),  n =0, (4.45)

to (4.44). Although we may have ¢ = 0 (e.g., for the Nicholson’s blowflies equation p = Je yields
c= % and ¢'(c) = 0), we are interested in the case when ¢ # 0, i.e., when (4.45) is a delay
difference equation.

Let T'(n) be the fundamental solution of (4.45), i.e., the solution of (4.45) corresponding to
the initial condition T'(0) = 1, T'(n) = 0 for n < 0. Then the solution of (4.44) is given by the

variation-of-constants formula

n—1
z(n) =yn)+Y Tn—j-Df(x(G-r), n>0.
7=0
The characteristic equation associated to (4.45) is h(A) = 0, where
RN ;==X — (1 =8N —¢q, MeC.

The next lemma shows that h always has a dominant root Ao, i.e., h(Ap) = 0, and for all other
roots A # Ao, it follows |A| < |Ag|.

Lemma 4.10 Assume q # 0. Then the polynomial h has r + 1 different roots, except for

(1—9)r+tpr
=7 4.46
L VRSN (4.46)
when (1-4)
—o)r

Ao = 4.47
0 r—+1 ( )

18 a double root of h, and all other roots are simple and have modulus less than Xg. o

Moreover, in all cases if A\j and Ny, are two different roots with |A\;| = |Ag|, then A\j = Ag.
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Proof We have
(X)) = (r4+ 1N — (1= 8)rA" L,

therefore its only non-zero root is A9 defined by (4.47). It is easy to check that A\g is a double
root of h, if and only if (4.46) holds.
To show the second statement, consider

XA (1= 6N —q=0= X" — (1 - 6)N, — g,
and so
NN = (1 =) = M| Ak — (1 = 9)I.

This yields easily that \; = Ak

In the critical case (4.46) an application of Rouché’s Theorem yields easily that h has exactly
r 4+ 1 roots inside any circle at the origin with radius ¢ for all € > Ag, which yields that Aqg is the
dominant root of h. O

Let A = p(cosvy+isin~y) be the dominant root of h. Then Lemma 3.4 yields that there exist
Dy, Ey € L(S,R) such that for every ¢ € S the solution y(n; ) of (4.45) corresponding to initial
sequence ¢ satisfies

y(n; p) = p"nk (Dogp cosyn + Eypsinyn + 0(1)), as n — oo,
and there exist P, @ € R that the fundamental solution T'(n) of (4.45) satisfies
T(n) = p"nk (P cosyn + @ sinyn + 0(1)), as n — oo.
Here k = 0 if (4.46) does not hold, and k =1 in case of (4.46). Therefore (H1), (H2), (H5) and
(H6) are satisfied with H(n,j) = T(n — j).
Clearly, (H3) also holds, and to show (H4), we note first that the twice continuous differen-
tiability of g and |¢”(u)| < L for v > 0 assumed in (B1) yields that the function f satisfies
[f()l = |g(u+c) = g(c) = g'(c)ul < Lu?,  wé€[~c,00).
Hence

Faln— )] < La*(n—r) < L0 ((max pla(i)]). n>0,

—r<j<n

so (2.7) is satisfied with w(n,u) = Lp*""u2. To check condition (2.8) consider
Zp—Jw(j —1,v9) = ZP—JLPZ(J—I—T)US — USLP_zT_Q ij
J=1 j=1 =

So assuming p < 1 we have

clng,o_Z’"_l

2
1_p :Avo,

[e.e]
ey plw(i—1,00) =
=1

14



where
C1 L

p¥ (1 —p)
Therefore the function G defined by (2.9) is G(v) = v — Av?, so G(v) > 0 for 0 < v < 4. This
shows that (H4) holds for the case when p < 1.

For the rest of this section we will assume p < 1. Then the constant R defined by (2.10) is
R=G (ﬁ) = ﬁ. It is easy to see that M; defined by (2.11) is equal to My, the set U defined
by (2.12) isU = {p € S: ||¢|ls < Ro}, where

1
Ry = —— 4.48
O 1AMy’ (4.48)
and finally, the constant m(||¢||s) defined by (2.13) is
1— /1 —4AMo[l¢lls
mllells) = 2= . (1.49)

2A

The next two lemmas describe necessary and sufficient conditions for the oscillation and
asymptotic stability of Eq. (4.45).

Lemma 4.11 Assume § € [0,1). Eq. (4.45) is oscillatory, i.e., all solutions are oscillatory, if
and only if
(1 _ 5)r+1rr

—q > .
1= "y

(4.50)

Proof It is known (see Theorem 7.1.1 in [17]) that Eq. (4.45) is oscillatory, if and only if

h(X) #0 for XA >0. (4.51)
We distinguish two cases.
Case (1): ¢ < 0. Then
lim Ah(A)=—¢>0 d lim h(\) =
e ) ¢ an Amtoo (A) = +oo,
so (4.51) holds if and only if
min A(A) > 0.
A>0

It is easy to check that Ao defined by (4.47) minimizes h, and h(Ag) > 0 if and only if (4.50)
holds.
Case (2): ¢ > 0. Clearly, in this case there always exists a positive root of h(\).
O

Necessary and sufficient condition for the asymptotic stability for equations of the form
(4.45) was proved first for 6 = 0 in [23], and later for J # 0 in [22]. We state this result for our
equation in the following lemma.
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Lemma 4.12 Suppose ¢ € [0,1). The trivial solution of (4.45) is asymptotically stable, if and
only if

< —q<+/(1-08)24+1—2(1—6)cosb,

where 0 € (0, ) is the unique solution of

sin 0 1
= . 4.52
sin(r+1)0 1-90 (4.52)

Now an application of our main result, Theorem 2.2 and the above calculations and lemmas
give the following precise description of the asymptotic behavior of (4.42) in a neighborhood of
the positive equilibrium c. The constant sequence ¢(n) = ¢ will be simply denoted by ¢ in the
next theorem.

Theorem 4.13 Suppose (B1) and (B2). Let A = p(cosy+isin~y) be the dominant characteristic
root of (4.45), and let the constants Ry and m(||p||s) be defined by (4.48) and (4.49), respectively.

(1) If

(1 _ 5)r+1Tr
(r+1)rtt’

then A = p is real, and the solution z(n; @) of (4.42)-(4.43) satisfies

—0< —q<

2(n;0) =l < p"(n+r+1rmle—clls),  n=-r lp—cls<Ro  (4.53)

with k = 0, moreover, there exists d(p) € R such that
2(ni) = e+ " (dlg) +o(1)), e —clls < Ro (4:54)
is satisfied with k = 0.
(2) If
- (1 _ 5)T+17“T
(e 1)t
then X\ = p is real and a double root, and (4.53) and (4.54) are satisfied with k = 1.

(3) If

1_5r+1 r
W<—q<\/(1—6)2+1—2(1—5)cose,

where 0 € (0, -75) is the solution of (4.52), then X is complex, (4.53) is satisfied with

7 r+1

k=0, and there ezists d(p),e(p) € R such that

2(nsp) = e+ p" (dlg) cosn + efp)sinyn +o(1)), o= cls < Ro.

16



4.2 A single delay model

Next we study another general class of discrete models, the scalar equation
z(n+1) =z(n)g(z(n —r)), n €N,

or in an equivalent form, consider
Az(n) = z(n) <g(z(n —r)) — 1), n € N. (4.55)

We assume conditions similar to (B1)-(B2):

(C1) g: Ry — Ry is twice continuously differentiable with L := sup |¢" (u)| < oo;
u>0

(C2) Equation (4.55) has a positive equilibrium ¢ > 0.

Eq. (4.55) has many important applications in discrete population models. If we take g(u) =
e?~ % with a,b > 0, then we get the delayed Ricker’s equation ([24], [31]). Another important
example of (4.55) is Pielou’s equation ([2], [9], [28]), a discrete analogue of the delayed logistic
equation, where g(u) = 174, with @ > 1 and b > 0. Finally, consider (4.55) with g(u) =

e_a+c+%, where a,b,c > 0 and m € N, and b > ac. This equation is a discrete analogue of
Nazarenko’s equation (see, e.g., [32]). It easy to check that all three models satisfy conditions
(C1)-(C2).

Let ¢ be a positive equilibrium of (4.55), i.e., a positive solution of g(¢) = 1. Introduce the
new variable z(n) = z(n) — ¢. Then

Ax(n) = ((n) + &) (9(a(n - 1) +¢) ~ g(c))

Define the constant p := ¢¢’(¢) and the function

F(u,v) := ¢ (c)uv + (u + ) (g(v +c¢)—g(c) — g/(c)v>.

Then
Az(n) =pz(n—r)+ F(z(n),z(n —1)), n € N. (4.56)
We have
[F(a(n),z(n—r)| < |g'(@llz(m)l|z(n — )|+ cLa?(n —7) + Llz(n)|z*(n - r)
A 2
< (lo@lp +eLp ) ( max p7l2(5)))

+ Lo ((max p ()
—r<j<n '

Therefore F' satisfies (2.7) with

w(n,v) = a1 p*™v* 4 anp® v, (4.57)
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where oy = |g/(c)|p™" + cLp™? and ag = Lp~?". So for p < 1 the function G defined by (2.9)
equals to

G(v) = v — v — Byo°,
where (31 = pﬁflp) and [y = % are positive constants. Hence there exists vy > 0 such that
G(v) > 0 for v € (0,vg), and so F satisfies (H3) and (H4).
It is easy to see that a result analogous to Theorem 4.13 can be formulated showing that

the asymptotic behavior of (4.55) around the positive and asymptotically stable equilibrium ¢
is identical to that of the zero solution of the associated linear difference equation

Ay(n) = py(n —r), n € N. (4.58)

Note that necessary and sufficient conditions guaranteeing the oscillation and asymptotic sta-
bility of (4.58) are known ([17] and [23]), which can be formulated using Lemmas 4.11 and 4.12
with § = 0.

4.3 A multiple delay model

In this subsection we mention that the method of Section 4.2 can be generalized to equations of
the form

Az(n) = z(n) (g(z(n), e z(n—1)) — 1), neN, (4.59)
We assume
(D1) g: Rfl — Ry is twice continuously differentiable with respect to all variables with

0?%g
6Uj8uk

(uo, .- ur)| <L for j,k=0,...,7 and ug,...,u, > 0;

(D2) Equation (4.59) has a positive equilibrium ¢ > 0.

Let z(n) = z(n) — c. Then

s
0
Ax(n) =c —g(c, o0z(n—j7)+ F(z(n),...,z(n—1)),
=0 8uj
where
T ag
F(ug,...,up) = (uo—i—c)(g(u(]—l—c,...,ur—i—c)—g(c,...,c)) —c %(c,...,c)uj.
j=0 """
Let a; = %(c, e ,c)‘. Then one can show
J
T T T
|F(uo, - ur)| < (Juol +¢) L g Jur] + uol Y ajlul,
=0 k=0 =0

18



therefore

) 2 . 3
[F(a(n), ..., —n)| < bip? (_max p]a(i)]) +bap™ (_max pla()])
—r<j<n —r<j<n

where by and by are positive constants, so F' satisfies (2.7) with w of the form (4.57) with some
a1 and ag. Hence Theorem 2.2 is applicable to obtain asymptotic behavior of (4.59).

4.4 Case of a simple dominant eigenvalue

In Sections 4.1-4.3 we have seen that the main difficulty to apply Theorem 2.2 is to show

estimate (2.7), and show the existence of vy satisfying inequality (2.8), i.e., check condition (H4)

for function f in (2.4). In this subsection we consider again our general equation (2.4), and give

a more explicit condition which implies (H4) with k& = 0. Therefore this condition is applicable,

e.g., if the dominant eigenvalue of the associated linear equation has algebraic multiplicity 1.
We assume

(H4*) There exists a continuous and monotone non-decreasing function b: R, — R4 such that
b(u) > 0 for u > 0, and the inequality

(DI <b(p" max pla()l), 00,z € S([-r,00),RY (4.60)

—r<j<n

holds.

Lemma 4.14 Assume that (H}*) holds with

p>1 and /100 bs;) du < oo. (4.61)
Then
(i) the function w(n,u) = b(p™u) satisfies (H4) with k = 0;
(ii) R defined by (2.10) equals to oo,
(iii) U defined by (2.12) equals to S, and
(iv) the equation

> b(u)
2

Mollells + om [~ 2 du=m, =0 (4.62)
log p

m u

has at most two roots, and m(||¢||s) defined by (2.13) satisfies m(||¢|s) < m(||¢lls), where
m(|l¢lls) is the largest root of (4.62).
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Proof Let w(n,u) be defined by w(n,u) = b(p"u) for all n > 0 and u > 0. Then for m > 0 the
monotonicity of b(u) implies for ¢ € [j — 1, 5] that p=7 < p~ and b(p’~'m) < b(p'm). Therefore

Sl — tom) = Yo e ) < [ g thptm) i
j=1 j=1 0

Hence, using the substitution u = ptm and (4.61), we get for m > 0

ip_jw(j —1,m) < m /00 b(u) du < oo. (4.63)

2
o logp J;m u

Let G be defined by (2.9). Then
G(m) =m-—=aCy Zp_]w(] - 1,’[7’L) > G2(m)7
j=1

where

c > b(u
Ga(m) := mG1(m), Gi(m):=1-— logfp /m iz)du.

But then R defined in (2.10) satisfies R = lim,,,—.oo G(m) = oo, and U defined in (2.12) equals
to S. Note that equation (4.62) can be rewritten as

Ga(m) = Mollells,  m=0. (4.64)

Therefore any solution m = m(||¢||s) of (4.62) satisfies m(||¢|ls) < m(||¢lls), where m(||¢]s)
is defined by (2.13).

To show that equation (4.62) has one or two roots, we refer to the analogous proof of
Theorem 2.7 in [15]. O

The next result deals with the case 0 < p < 1.
Lemma 4.15 Assume that (H}*) holds with

1
b
0<p<l1 and / S;) du < 0. (4.65)
0

Then
(i) the function w(n,u) = b(p™u) satisfies (H4) with k = 0;
(ii) R defined by (2.10) equals to

v/p
R=supquv|1l-— 261 i / b(? du ;
0<v p-log S Jo u
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(11i) U defined by (2.12) equals to
U={peS: Miglls < R},
where Z\71 = max{max_rgjgo p~7, Mo};

(iv) m(||¢l|ls) defined by (2.13) satisfies m(||¢|ls) < m(||¢lls), where m(||plls) is the smallest
of those roots of the function

~ cym /P b(u)

H(m) := du — M|l¢] s (4.66)

- 1 2
p*log s Jo  u
where H is monotone increasing.

The proof is analogous to that of Lemma 4.14, and therefore it is omitted (see also the proof of
Theorem 2.8 in [15]).

We close this section with a typical application of our results. Consider the nonlinear scalar
difference equation

z(n+1)—z(n) = —dzx(n)+gzx(n—r)+ f(n,z(n),...,x(n—r)), n>0 (4.67)
z(n) = ¢(n), n=-r,—r+1,...,0. (4.68)
Theorem 4.16 Suppose 6 € [0,1), r € N, g € R, and
(1 _ 5)r+1rr
0#q# (r—l—l)r‘*'l'

Let A = p(cosy +isiny) (p >0, v € R) be a dominant root of
A (1 =8N —¢g=0.

Suppose there exists a continuous and monotone non-decreasing function b: [0,00) — [0,00)
such that b(u) > 0 for u > 0, and the inequality
— n —J| (4
Fna(n).....xtn =) <b(p" max p()),  n>0
holds for all sequences x, and suppose
b
p>1 and / (—Z) du < 00
1 u
or .
0<p<l and /b(g)du<oo.
0 u
Then there exist R > 0 and real numbers d(y) and e() that the solutions x(n; @) of (4.67)-(4.68)
satisfy
x(n; @) = p" (d(go) cosyn + e(p) sinyn + 0(1)), n — 0o,
for all initial sequences with max{|¢(n)|: —r <n <0} < R.

Theorem 4.16 is the consequence of our main Theorem 2.2 and Lemmas 4.10, 4.14 and 4.15.
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5 Proof of the main theorem

In this section we give the proof of Theorem 2.2.

The proof of Theorem 2.2 (ii) will be based on the following lemma, which is interesting in

its own right.
Lemma 5.17 Assume that U(n,j) € R4, 0 < j < n < oo, moreover

Ci:= sup |U(n,j)| < oo,
0<j<n<

and there are sequences P, Q1: N — R>? and a constant v € R such that
Jim [U(n, j) = P1(j) cosy(n = j) = Qu(j) siny(n - j)| = 0
for any fized j satisfying 0 < j < n, and for some Co >0

sup |Pi(j)| < Oy, sup |Q1(j)| < Cs.
7>0 7>0

Then for any sequence g: N — RY, relation > 721 l9(9)] < oo implies

lim |3 U(n,5)g(j) — S(n)| =0,
j=1

where

Z( /) cosy(n — j) + Q1(j) siny(n j))g(j% n>0.

Jj=1

Proof From (5.71) we find

i‘ (Pl(j)cos'y(n —7)+ Q1(j) siny(n — j) ) ‘ < 2022 lg(5)| < oc.
j=1

Hence S(n) is well-defined, and for all n > n; >0

5(n) = > U(n,i)g(j) — S(n)
j=1

IN

ZIU(njj)—Pl(j)COS’Y(n ) = Q1(j) siny(n = j)llg(j)]

+Z U(n, 5)llg(5)l

Jj= n1+1

+ Z |P1(5) cosy(n — 7) + Q1(j) siny(n — 5)||g(5)|-
j=ni+1
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From (5.69) and (5.71), it follows

5(n) < > |U(n, ) — Pi(j)cosy(n —§) — Qu(j) siny(n — 5)|lg(4)]
j=1

o0

+H(C1+2C) Y 9G],

j=ni+1

for all n > ny > 0, and hence (5.70) implies

limsupd(n) < (C1 +2C2) Y lg(G)l,  m1>0.
n—oo p—

This yields lim,,_,o (n) = 0, as n; — oo, and the proof of the lemma is complete.

Proof of Theorem 2.2

(i) Let ¢ € U be an arbitrarily fixed initial sequence and x(n;¢) denote the solution of the

corresponding IVP (2.4)-(2.5) for n > r. Define

2n)=p nt+r+1)Fa(ng),  n>-—r

and '
Un,j)=p " Dn+r+1)"H(n,j), n>j>0.

Then it follows from (2.4)

n

2(n) = p (0 r+ 1) Fynse) + Y U ipf(G —La(),  n>0.
j=1

We obtain from assumptions (H1) and (H2), respectively

n+1

—n 1—k . — |, 1—k .
o et 4 ) Pyt o) = |+ ) )] (5

for n > 0, and

. k
NI (T ) A —k NN S <
Ut = o0+ 0 )] () <

for all 0 < j <n. Thus (5.74) and (H4) imply

n
[2(m)] < Mollglls + 1 le—jw(j ~L max [=(7)]).  n>0
J:
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The definitions of M; (see (2.11)) and z yield

2l < max p7 (G +r+ 1) Fle()] < Millells,  —r<n<0. (5.76)
Combining (5.75), (5.76) and (2.11) together with the monotonicity of the right-hand-side of
(5.75) we get

n
win) < Millgls + 3 erpw(i—LwG 1)), n>0,
=1
where

— ' > .
wn) = _max [2(j)l, n=-r

Since m(||¢lls) > Mil|¢lls, by (5.76) we have w(0) < m(||¢||s). Suppose there exists n > 0
such that w(n) > m(||¢|ls), and w(n) < m(||¢lls) for —r < n < n. Then the monotonicity of
v — w(n,v) and (2.13) yield

n
Miglls + > erpw(i — 1, w(j — 1))

w(n) <
j=1
< Mlglls + > cpw( —1,m(¢lls))
j=1
< m(lolls), (5.77)

which contradicts to the assumption of 7. Therefore
p 41+ 1) Fla(ns o) = 2(n)] w(n) <m(lells), > -7 (5.78)

This completes the proof of statement (i).
(ii) It follows from (2.7) and (5.78) that the function

gn):=p "f(n—1z(5¢)), n>1
satisfies for n > 1

o] < p"w(n =1, max oG4+ 1) Ha()]) <o wn - Lm(lels). (579

The definition of m(||¢||s) yields G(m(||¢lls)) > Mi||¢ls, therefore

S l9) <€ 3 ol — Lm(llells)) < mels) = Mallells (5.80)
j=1 j=1

C1
On the other hand, U(n, j) defined in (5.73) satisfies
U(n,j) — P(j) cosy(n — j) — Q(j) siny(n — j)|
; n—j+1\*
< g+ ) ) ((”) - 1) |

n+r+1
+p " — j+1)"FH(n, j) — P(j) cosy(n — j) — Q(5) siny(n — 5)|.
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Hence (H2) and (H6) yield
Tim [U(n,7) — (P() cos(n - 1) + Q)siny(n - )] = 0

for all fixed j > 1. Since 3772 [g(j)| < oo, the sum

S(n) == 3 (P() cosy(n — §) + Qi) siny(n — ) ) 9())
j=1
exists, and in virtue of Lemma 5.17, we have

lim |3 U(n,5)g(j) — S(n)| = 0.
j=1

This, combined with (5.74), (H5) and (H6), yields

2n) = p"(n+r+ 1) Fy(nie)+ Y Uln,j)g(i)
j=1
= Doypcosyn + Egpsinyn + S(n) + o(1), as n — oo.
By using the definition of g(n) and trigonometric identities, we find
S(n) = di(p) cosyn + e1(p) sinyn, n>1,
where -
di(e) = 3 (PGi) cosj = Q) sinaj ) o/ f(7 = 1,2l %)
j=1
and -
erl) = > (P sinyj + QUj) cos 77 ) p £ — Ll ¢).
j=1
Thus z(n; @) satisfies (2.16) with the constants
d(p) = Dop + di(p) and  e(p) = Eop + e1(p).
Now, we show that |d(¢0)| + |e(po)| # O for the initial function g satisfying (2.14). Indeed

[d(0)| = |Dowo| = |di(0)| = [Dogol = (IPIl + QI D 71/ (G = L z(5%0))l,
j=1

and -
le(0)| > | Eool — lex(w0)| = [Eogol = (I1PI+ 1QID Y p771£(j — 1, 2(00))-
j=1
Thus, using (2.14) and (5.79), we get

[d(0)| + le(po)| = max{|Dogol, |Eowol} — (1P + QI Y p~7w(i — Lom(llells)
j=1

> 0.

The proof of Theorem 2.2 is complete.
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