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ABSTRACT. In this paper we study exponential stability of the trivial solution
of the state-dependent delay system #(t) = > v, A;(®)z(t — 73(¢, z¢)). We
show that under mild assumptions, the trivial solution of the state-dependent
system is exponentially stable, if and only if the trivial solution of the corre-
sponding linear time-dependent delay system y(t) = > 11 A;(£)y(t — 7(t, 0))
is exponentially stable. We also compare the order of the exponential stability
of the nonlinear equation to that of its linearized equation. We show, that in
some cases, the two orders are equal. As an application of our main result, we
formulate a necessary and sufficient condition for the exponential stability of
the trivial solution of a threshold-type delay system.

1. Introduction. In this paper we study exponential stability of the trivial solu-
tion of delay systems with state-dependent delays (SD-DDEs) of the form

B(t) =Y Ai(t)a(t — 7i(t,z0)). (1)
i=1

We obtain sharp linearized stability results for SD-DDEs of the form ([Il) by compar-
ing the stability of the trivial solution to that of an associated linear delay equation.
Cooke obtained sufficient stability conditions for the scalar and autonomous version
of M) with m = 1 first comparing the stability the trivial solution to that of an
associated ODE in [3], and later in [, to that of an associated linear differential
equation with time-dependent delay.

In [I1] we studied scalar SD-DDEs of the form #(t) = a(t)z(t — 7(t, z(t))), where
in addition to a sufficient condition, a necessary condition was obtained to guarantee
exponential stability of the trivial solution of the SD-DDE. To obtain the necessary
part, it was assumed that 7 is differentiable with respect to both variables, and
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the partial derivatives are bounded and satisfy a certain smallness condition to
guarantee monotonicity of the function ¢ — ¢t — 7(¢, z(¢)). In this paper we extend
these results to the more general equation ([l), and using a different technique,
we significantly relax the condition used for the necessary part of the main result:
instead of the differentiability and the monotonicity conditions cited above a much
weaker condition (H5) (see SectionB) is assumed. This weaker condition is satisfied
for treshold-type delays and for delays of the form

e, [ 0)] <,
i) = { i 6(0)] > i,

where ¢; > 0 and ; > 0 are constants.

Stability of more general SD-DDEs was investigated, e.g., in [5], [23], [30]. Stabil-
ity conditions for general nonlinear differential equations with state-dependent delay
using linearization techniques were obtained for different classes of SD-DDEs in [6],
[I8-[20]. For a recent review on basic theory of state-dependent delay equations
and related applications we refer to [21].

The organization of the paper is as follows. In Section Plwe give our assumptions
and formulate our main results (Theorem B4 below). We also investigate the rela-
tion between the order of stability of the trivial solution of the SD-DDE and that
of its linearized equation, and also give estimate of the domain of attraction of the
nonlinear equation. Several explicit exponential stability conditions are formulated
as corollaries of our main theorem applying known stability results for the com-
parison equation. In Section Bl we show how our main theorem can be applied for
threshold-type delay equations. Section Hl introduces some notations and lemmas
and contains the proofs of the main results.

2. Formulation of the Main Results. Throughout this paper a fixed norm on

R™ and its induced matrix norm on R™*" is denoted by | - |. The Banach space of
continuous functions ¢ : [—r,0] — R™ equipped with the norm ||¢| = sup{|¢(s)|:
s € [—r,0]} is denoted by C. The solution segment function x;: [—r,0] — R" is

defined by x¢(s) = x(t + s).
Consider the delay system

m

B(t) =Y Ait)a(t —mi(t,z),  t>to. (1)

i=1
We assume that r > 0 is fixed, tg > 0, 4;: [0,00) — R*"*™ and 7;: [0, 00)xC — [0,7]
(i=1,...,m).

We compare the exponential stability of the trivial solution of () to that of the
associated linear system

m

g(t) = > Ayt —7i(t,0)), ¢ > 1o, (2)

=1

where 0 is the constant 0 function in C.
We associate the initial condition

z(t) = o(t — to), t € [to—r tol, pel (3)
to Equations [@) and ().
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Definition 2.1. We say that the trivial (zero) solution of the linear equation @)
is exponentially stable, if there exist constants K7 > 0 and a > 0 independent of #
such that

y(@) < Kie " gfl,  t>to>0. (4)

If @) holds, then we say that the order of exponential stability is a.

We note that this notion is also called in the literature as uniform exponential
stability. It would be more precise to say the order of exponential stability is at
least «, since (#) may hold with larger «, as well, but we use this terminology for
simplicity.

We define the fundamental solution of @) as the n x n matrix solution of the
initial value problem

%V(t s) = ZAi(t)V(t —7,(¢,0),s), t> s, (5)
T

Here I and 0 denote the identity and the zero matrices, respectively.
If the trivial solution of (@) is exponentially stable with order «, then it is known
(see, e.g., [18]), that there exists K2 > 1 such that

[V(t,s)| < Koe (=9 t>0, seR. (7)

Definition 2.2. We say the trivial solution of () is exponentially stable, if there
exist K3 >0, 8> 0 and o > 0 independent of ¢y such that

ja(t)] < Kse Pl t>1t>0, ¢ <o

Definition 2.3. We say the trivial solution of () is exponentially stable in the
large with order g, if for every o > 0 there exists K4y = K4(0) > 0 such that

j2(t)] < Kae o, t2t0 20, ol <o
We assume throughout the paper
(H1) A;: [0,00) — R™ ™ is continuous, and |A4;(t)| < b;, t € [0,00) fori =1,...,m;
(H2) ¢ 6 (OF
(H3) the delay functions 7;: [0,00) x C' — [0, r] are continuous for ¢ = 1,...,m;
(H4) there exist a constant 0 < v < oo and continuous functions w;: [0,7) — [0, c0),
such that

|Ti(t7¢)_7—i(t70)| SM(H‘/’”)v tZOa ||1/}|| <7 izlv'-'ama

where w;(0) =0 (i =1,...,m).
(H5) the sets {s € [0,7] : s — 7i(s + t0,0) = 0} have Lebesgue measure 0 for
t=1,...,mand tg > 0.

We remark that if the value of the function s +— s — 7;(s + to, 0) is equal to 0 at
most for countably many s, then (H5) holds.

We note that conditions (H1)—(H3) guarantee the existence, but not the unique-
ness of the solution (see, e.g., [, [14], [T9]).

Our main result is formulated in the following theorem.

Theorem 2.4. Suppose (H1)-(H5). Then the trivial solution of () is exponentially
stable, if and only if the trivial solution of @) is exponentially stable.
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In the proof of the necessary part it was important the we “linearize” around
the trivial solution. It would be interesting to extend this result to more general
solutions, e.g., to periodic solutions (see [I8] where a sufficient condition was for-
mulated in this case). It is also an open problem to relax or omit condition (H5) in
Theorem ZZ1

We note that assumption (H5) is used only in the necessary part of the proof of
the previous theorem. Therefore, we can formulate the sufficient part of Theorem Z4]
as follows.

Theorem 2.5. Suppose (H1)-(H4). If the trivial solution of @) is exponentially
stable, then the trivial solution of () is exponentially stable, as well.

The proof of Theorem X yields the next corollary.

Corollary 1. Suppose (H1)-(H/). If the trivial solution of @) is exponentially sta-
ble with order «, then for every 0 < 8 < « the trivial solution of () is exponentially
stable with order 3, as well.

Note that the proof of the necessary part of Theorem EZ4] shows that the expo-
nential stability of the trivial solution of () with order « implies the exponential
stability for the trivial solution of (Bl with the same order.

Corollary 2. Suppose (H1)-(H5). If the trivial solution of () is exponentially
stable with order a, then the trivial solution of @) is exponentially stable with order
«a, as well.

Under some more restriction on the functions w;, we can prove that the order of
the exponential stability of the trivial solution of the linear equation (&) is preserved
for that of the SD-DDE (). We also give an explicit estimate for the domain of
attraction of the trivial solution.

Theorem 2.6. Assume (H1)-(H4), moreover there exists co > 0 such that

/0 wilu) du < oo, (8)

u

w; 18 monotone increasing on [0,¢co] (i =1,...,m), and suppose the trivial solution
of @) is exponentially stable with order a. Let K1 and Ko be defined by @) and
@), respectively, b= 3"1", b;, My = max{1, K1 + 2K2be(**)" /a}. Let

Kb2o¢rm :
“0—525{1&2( . Zb/uu)}’ ®

2 M
u_{c K2be Zb/ wilw) o, <1}

Then for every 0 < o < oq there exists K > 0 such that the solution of () satisfies

where

lz(t)] < Ke " |lgl|,  t>t>0, [¢] <o,

e., the trivial solution of [M) is exponentially stable with order o, as well.

This theorem implies immediately the next corollary.
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Corollary 3. Assume (H1)-(H4), moreover

2ar ™
Ksbe sz‘/ wi(u )d <o (10)
0

(6% " u
i=1

w; 18 monotone increasing on [0,co] (i = 1,...,m), and suppose the trivial solu-
tion of @) is exponentially stable with order a. Then the trivial solution of ) is
exponentially stable in the large with order o.

As an application of the previous corollary, consider
z(t) = =bx(t — 7(z(t))), t>0, (11)

u

where b > 0, 7(u) = relule”!"l. Tt is easy to check that w(u) = reue " satisfies

(H4), Kl = K2 = 1, a = b and
Kob 2ar M :
20 Zb / udu = ebre?t”

Therefore, if ebre?” < 1, then the trivial solution of ([]) is exponentially stable in

the large with order b.

Next we apply known conditions in the scalar case to check the exponential
stability of the trivial solution of (), and we obtain several corollaries of our main
results. Note that in the single delay case similar results are formulated in [TT].

Next result follows from conditions of Krisztin [22].

Corollary 4. Suppose (H1)-(Hj) hold with n = 1, A;(t) < 0 fori=1,....,m
Then the trivial solution of ) is exponentially stable, if

Zbi sup7;(¢,0) < 1
-1 20

Moreover, if A;(t) = —b; (t >0), then

Zb sup 7;(t, 0)

t>0

N)IC»O

yields the exponential stability of the trivial solution of [M). If, in addition, 7;(t,0) =

r; are constant, then
m
™
> bini < g (12)
i=1

implies the exponential stability of the trivial solution of @). If m = 1, then (@) is
also necessary for the exponential stability of the trivial solution ().

Next result is based on Theorem 4.1 of [T2], which generalizes a condition of
Yoneyama [30] for the multiple delay case.

Corollary 5. Suppose (H1)-(Hj) hold with n = 1, A;(t) < 0 fori=1,...,m
Moreover, suppose

Z hmsup/ —Ag(s)ds < 1,
t—7;(t,0)

t—oo

i,k=1
and there exists o > 0 such that
1
t—to

t
/—Ak(s)dsZa, t >ty >0, k=1,...,m.
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Then the trivial solution of (@) is exponentially stable.

Corollary 6. Suppose (H1)-(H/) hold with n = 1, and 7;(t,0) = 0 for all t > 0
andi=1,...,m. Then the trivial solution of () is exponentially stable if and only
if there exists o > 0 such that

m t
Z/ Ai(s)ds < —alt —tg),  t>1t9>0.
i=17to

Note this result for m = 1 was obtained in [IT] assuming additional smoothness
on the delay.

For the special case when the linearized system (@) is two-dimensional (n = 2),
autonomous and has a single constant delay, we can use a condition of Hara and
Sugie [I6] to check uniform asymptotic stability, i.e., exponential stability of the
trivial solution.

Corollary 7. Suppose (H1)-(Hj) hold with n = 2, 7;(t,0) = 7 for all t > 0 and
i=1,....,m and Y ;- Ai(t) = A for t > 0. Then the trivial solution of (M) is
exponentially stable if and only if

2vdetAsin(T\/detA> < —trd< 21 + M
T s

and )
0<det A< (21) .

T

Similar sufficient or sufficient and necessary conditions can be formulated for
SD-DDEs by combining Theorem B4 or EZH and conditions from, e.g., [13], [I7],
25, 26, 8.

3. Applications for threshold-type delay equations. In this section we con-
sider the delay system

B(t) = Ao(Dx(t) + > Aita(t — &4(t),  t>to, (1)
i=1
where the delay functions &; are defined by the threshold relations

t
/ filt,u —t, z(t), z(u)) du =1 (2)
t—a;(t)

for i = 1,...,m, where f; are given nonnegative scalar functions for ¢ = 1,...,m.
Similar equations, so-called threshold-type delay equations, were frequently used in
biological models ([2], [21], [29]), and were investigated, e.g., in [§], [O], [T0], [T2],
24), [21).

We show that under the following assumptions the delay functions &; are well-
defined and can be rewritten in the form of 7; in (), i.e., &; depends on z;, as well.

We assume Fy > 0, to > 0 are given, and let » = 1/Fy; moreover,
(A1) A; : [0,00) — R™ are continuous, and |A4;(t)] < b;, t € [0,00), for i =
0,1,...,m;
(A2) ¢ € C;
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(A3) fi: [0,00) x [-r,0] x R™ x R™ — (0, 00) continuous functions for i = 1,...,m,
and

fi(t,S,U,’U)ZF(), tZO, ENS] [—T,O], u,veR”;

(A4) there exist a constant v > 0 and a function @ : [0,7) — [0,00), such that

#(0) = 0 and
.

0
(A5) the sets {t € [0,7]: / fi(t+to0,5,0,0)ds = 1} have Lebesgue-measure 0 for
—t

i=1,...,mand tg > 0.

Introducing the new variable s = u — ¢ we can rewrite (@) as

0

/t filt,u —t,2(t), z(u)) du = / fi(t,s,2(t),x(t + 5))ds = 1.

—5i(t) —ai(t)

Note that such unique &;(t) € [0, r] exists, since by (A3)
0
fi(tys,z(t),z(t + s))ds > For =1, i=1,...,m.

Now we can reformulate the problem: We rewrite ([II)-([@) in the form

m

B(t) = Ao(t)x(t) + > Ai(t)z(t — oi(t,z1)), > to, (3)

i=1

where the delay functions o;: [0,00) x C' — [0, r] are defined by the treshold relation

0
/ filt, 5,9(0), (s)) ds = 1. (4)
=05 (t,%))

The solution of [ corresponds to an initial condition of the form (@l).
In the case when f;(t,s,u,v) does not depend on s and v, i.e., has the form
filtys,u,v) = gi(t,u), relation @) reduces to

1
it y(0)

Therefore such formulation of threshold delays includes a large class of ”usual”
state-dependent delays.
As in Section Bl, we associate the linear equation

O'i(t, ’lﬂ)

,T(t) = Ao(t),T(t) + iAl(t),T(t - Ui(t, O)), t >ty (5)
=1

to @).

Theorem EZ4] has the folowing corollary.

Theorem 3.1. Assume (A1)-(A5). Then the trivial solution of @) is exponentially
stable, if and only if the trivial solution of @) is exponentially stable.
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Proof. It is enough to show that assumptions (A1)—(A5) imply assumptions (H1)-
(H5) of Theorem Z4
Clearly, (A1) and (A2) are identical to (H1) and (H2), respectively.
We show that o; is a continuous function. Fix an arbitrary t € [tg, 00) and ¢ € C.
Then
0

0
1= / filF 5, B(0), §(s)) ds = / fi(t, 5,9(0), 9(s)) ds,

_Uz(f 'LZ) _U’i(tyw)

and so

—oi(t,) B B 0 _ _ _
/ fit,5,4(0),1(s)) ds :/ [fi(t, s,9(0),9(s)) = filt, s,4(0),¥(s))] ds.

—oi(1,9) —oi(t,7))
Consequently,
0
</
-Tr

] /- b5, 5(0), () ds
-~ 0,

oi(t, 1[)
as |t — | + |[1» — || — 0. On the other hand, using (A3)

fi(tv S, ¢(0)a ¢(S)) - fi(gv S, ’JJ(O)? ’JJ(S))‘ ds

70’1(157,[) B B
Folos(t, 6) — o1, )| < ‘ / (F, 5, 5(0), (s)) ds

i(T,9)

Therefore
loi(t,¥) —oi(t, )| =0 as [t—#[+ v -9 =0,
and consequently, (H3) holds with 7; = 0. B
We get by the computation above with ¢ = ¢ and ) = 0 that

1 0
|0-i(t71/]) - 01(t70)| < FO /_T

Therefore (A4) immediately implies (H4).
To show (H5) first note that t — o;(t + tp,0) = 0 implies

fi(t, s,9(0),%(s)) — fi(t,s,0,0)|ds.

0 0
/ fi(t—i-to,s,0,0)ds: fi(t—l—to,S,0,0)dS: 1.
—0;(t+t0,0) —t
Therefore (A5) implies (H5). O

Corollary 8. Assume (A1)-(A4). Then the exponential stability of the trivial
solution of @) implies that for the trivial solution of @), as well.

We note that Theorems B4 and Bl can be trivially combined for equations of
the form

m k

B(t) = Ao()z(t) + Y Ai®)a(t — it 1)) + Y Bi(t)a(t — oi(t,z0), ¢ > to,

=1 i=1

where the "explicit” delay functions 7; satisfy (H3)-(H5), and the treshold delays
o; defined by @) satisfy (A3)-(A5).
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4. Proof of the Main Results. The next lemma can be proved using Gronwall’s
inequality (see [I1]] for details in case of a similar equation).

Lemma 4.1. Assume (H1)-(H3). Then any solution of [)-@) satisfies

()] < Tl t>t0 >0,
where b is defined by
b=> b (1)
i=1

where

1) =3 At) (2t = 7i(t20) = 2t = 7(1,0))). (2)
i=1
Using the variation of constants formula we get

£(t) = y(t) + / V(ts)f(s)ds, > to, 3)

to

where y is the solution of () corresponding to the initial condition ().
We will need an estimate of f.

Lemma 4.2. Assume (H1)-(H4), to > 0, and suppose x is a solution of [)-@)
satisfying |z (t)| < v fort >ty — r, where v > 0 is defined in (Hj). Then

b biw; ) l 2
P DR ST
20e |||l t € [to,to + 1],

where b is defined by ().

Proof. We introduce the notations

7;(t) = min{t—7;(¢,0),t—7;(t,x¢)} and & (t) = max{t—7;(¢,0),t—7;(¢t,x¢)}. (4)
Then

|z(t = 7i(t,0)) — 2(t = 7i(t, 20))| = |2(&(t)) — x(0:(t))].
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First suppose ¢ > to + r. Then to < n;(t) < &;(¢), and so

lf) = ‘iAi(t)/Ei(t)fv(u)du‘

IN
Sa
S
- AL
=
=
<
—
QU
e

< Zblzbk/ |z (u — T (u, 4,))| du (5)
i=1 k=1 i(t)

< D b Y be(&it) —mi(t) max fa(u)|
= i w€ [t—2r,t]

- ; b; Z be| i (t, ) — 74:(t,0)| uegl_a;(m] |z (u)|

< b max |me [EA

u€[t—2r t]

Now consider the case when t € [to, o + r]. We use Lemma Bl to estimate

ol < Zbi(m&(wn+|x<m<t>>|)

IN

Zb ( bmax{§;(t)—to,0} —|—ebmax{m(t) o, O})H<PH

IN

2b b))
e’ |l 0

Proof of the sufficient part of Theorem [2-4 (proof of Theorem[Z3). First we assume
that the trivial solution of (@) is exponentially stable with order .. Let Ky, m, Ko
and b be defined by @), [@) and (), respectively.

We first show that the trivial solution of () is stable. By assumption (H4), there
exists 0 < g9 < 7y such that

Ksb
-2 Zb max w;(u) <

0<u<eg

Wl =

Let 0 < € < g¢ be arbitrary, and 6 > 0 is such that

1) in<e =
= min .
’ 3(K10¢ + 2K2b€br)

Fix an initial function satisfying ||¢|| < d, and let & be any solution of ([I) corre-
sponding to this initial function. Then |¢(0)| < § < €, therefore there exists T > 1
such that |z(t)| < € for ¢t € [to,T). Suppose |z(T")| = e. First consider the case
when T' < ¢ty + 7. Then it follows from the variation of constants formula () and
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Lemma 22 that
T
2D < |y(T)]+ / VT, )||/(s)| ds
to
T
< Kie T g + [ Kye T2 ||| ds.
to
Therefore,

0< -

2K2bebr) €
Q 3’

T
e < Kie ®T—to)§ 4 ngfaT2bebT5/ e ds < (K1 +
to

which is a contradiction. Now suppose T' > ty 4+ r. Then Lemma yields

to+7r T
o < W@l [ vEsliflds [ VTl ds

to to+r

to+r
< Kle_a(T_tO)”QD”‘f'/ K2€_Q(T_S)2b€bTH(pHd8

to
T
+ Kae oT=9)p max u)| ZblwZ llzs) d
totr uE[s—2r s]
and so
to+r
e < Kie®Tt0)§ 4 Koe *T2be§ e**ds
to
m T
—aT . . as
+Kse be Z b; 0213%(5 wi(u) /thrr e*® ds
2K2b€br Kgb&
< .
< (K= )ie Z b e wi(w)
-
— 3 37

which is a contradiction, again. Therefore |x(t)| < ¢ is satisfied for all ¢ > 1o, i.e.,
the trivial solution of () is stable, moreover, it is uniformly stable, since § does not
depend on tg.

Let 0 < 8 < « be arbitrary. Next we show that the trivial solution of () is
exponentially stable with order 5. Let 0 < &€ < 7 be such that the constant

satisfies My < 1, and 0 < o < ¢ be such that |z(t)] < € for ¢ > ¢y and for
lpll < o. Fix any initial function satisfying ||¢|| < o, and let = be any solution of
[ corresponding to the initial function ¢.

First consider the case when ¢ € [tg, %o + r]. Then multiplying the variation of
constants formula by e?(t=t0) we get

t
P a(t)] < Krem @A) ]| 4 Kpelli—to) / e | f(s)]| ds.

to
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Introduce the function z(t) := e(~%)|x(t)|, t > to — . With this notation and
using Lemma we have

to+r
2(t) < Kye (@A U—t0) || || 4 2 Ko bel ePlt—to)—at| o] e ds, t € [to, to+7].
to

Define My = max{1, K 4+ 2Kbe(*t?)" /a}. Then it follows
2(t) < Mallell, ¢ € fto, to+7].
Next suppose t > tg + 7. Then
At) < K@y

to+r t
+ KyePt=to) (/ e~ =9 f(s)| ds + / e =9 f(s)| ds) .
to to+r

The first two terms can be estimated as before, in the last term we apply inequality

&i(s)
Ms||g|| + KaePt—to)—ot QSZb Zbk/ |z (u — T (u, )| duds

to+r =1 — i(s)

I
—~

~+
~

A

IN

M| + Kye (@Rt

t
x/ O‘SZb Zbk/ e Alummk(we) 5y — 7 (0, ) du ds
to+r

i=1 k=1 ni(s)

IN

t m &i(s)
M|l + KobePTe= (=t max z(u)/ e? Z bi/ e P du ds.
2 n

ue[toir’t] o+7T i=1 1(5)
Using that n;(s) > s — r, we get

z(t) < M2H90H+K2b€ﬁre_(a_ﬁ)t max  z(u)
w€[to—r,t]

/+ 03 e 6 () — i) ds

i=1
< M|l

+Kobe?Pre= (@0t max  z(u / biwi(||zs 6
) ) [ Z Izl ds. (6)

Using the definition of M7 and that |z(¢)| < e for all ¢ > 0, we obtain

t

< 28r —(a—pP)t / (a—=p)s
z(t) < M|l + Kabe™ e hax | 2 Zb Orgiixswz to+r€ ds
< M| +M; max z(u). (7)
wE[to—r,t]

The right-hand-side of () is monotone in ¢, My > 1 and 2(t) < |o(t — to)| < |l¢||
for t € [tg — 7, o], therefore [@) yields

max z(u) < M| + M I[nax ]z(u) (8)
¢

u€lto—r, u€lto—r,

Hence z(t) < 2 -[|¢o[|, and consequently,

st t>t <o
o0 < T —3e lell, >to, el <o,
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which completes the proof. o

For the rest of the paper @: [—r,00) — R™ denotes the extension of ¢: [—r, 0] —
R™ to the right by the zero vector:

5 { p(s), s € [-r,0],

0, t>0.

The proof of the necessary part of Theorem EZ4] will be based on the next lemma,
where we prove the existence of a certain auxiliary function under condition (H5).

Lemma 4.3. Suppose (H3)-(H5). Then for any e > 0 and any tg € R there exists
a continuously differentiable scalar function hey,: [—r,0] — [0,1] such that

/ heto(s — 75(s + t0,0)) ds < &, i=1,...,m,
0

and |[he 1o || = heto (0) = 1.
Proof. The sets
E,={se€0,7]: s — (s +ty,0) = 0}, F,={s€[0,7]: s — (s +t0,0) < 0}

and
1
Giyk:{SE[O,T]:S—Ti(8+t0,0)<—E}, k=1,2,...
are Lebesgue measurable for 1 =1,...,m and k = 1,2, ..., moreover
Gi,l C Gi72 C Gi73 C--- and U Gi,k = F;.
k=1
Therefore

klim w(Gi k) = u(Fy), i=1,...,m,

where p denotes the Lebesgue-measure. Fix an arbitrary 0 < ¢ < 2r, and let
ko > 1/r be such that

£ .
Ogu(Fi)—u(Gi)k0)<§, i=1,...,m.
Let hey, : [-7,0) — R be a strictly monotone increasing continuously differen-

tiable scalar function satisfying

1 €
h&to(_r) =0, ha,to (__) = ; and h/g)to(o) =1.

Since the set F; has measure 0, we get
/ ﬁg,to(s — 7:(s +19,0))ds
0

= /hgytO(S—Ti(S—l—to,O))dS—l—/ he o (s — Ti(s + t0,0)) ds
Ei (3
/.

1 €
he o (s — Ti(s + t0,0)) < hey, (_k_()) =5 for s € G iy,

heio (s — Ti(s + t0,0)) ds + / he o (s — Ti(s + t0,0)) ds.
ikg Fi\Gi i,

Since
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and 0 < hey, (t) <1 for t € [—r,0], we get

T+ = =¢.

o
N ™

[ hesals = mils + 10,0)) ds £ 2 (Gigy) + ulF:\ G <
0

O

The next lemma gives an estimate of the derivative of an exponentially decaying
solution of ().

Lemma 4.4. Suppose (H1)-(H3), |x(t)] < Ke %) || for t > to, assuming
lle|l < o where K > 1, and b be defined by [@). Then

l&()] <bK[ell, =t

Proof. Tt follows from the assumptions and from ()

()] < bila(t — mi(t,ze)| <D biKemematizmiltra=to 0} o) < pK ||,
=1 =1
for ¢ > to. O

Proof of the necessary part of Theorem [27) It is known (see, e.g., [15]) that the
trivial solution of (@) is exponentially stable with order « if and only if the funda-
mental solution of (@) (i.e., the solution of the initial value problem ([H)-(@)) satisfies
an estimate of the form () for some positive constants K. Now suppose the trivial
solution of () is exponentially stable with order «, i.e., there exist K and ¢ > 0
independent of ty such that any solution of () satisfies |z(t)| < Ke~*(t~%0)|o| for
t > to, assuming ||¢|| < 0. We show, in two steps, that the fundamental solution of
@) satisfies (@) with K2 = K, therefore the trivial solution of (@) is exponentially
stable with order a.
Step 1. First we show that for any fixed t{p > 0and 0 <e <1

3
< 704(t7t0) e >
[V (t,to)| < Ke + ¢ uax Vit s)l,  t=to (9)

holds. Let §p > 0 be such that

bK e & 5 5
” ;bi pmax w;(u) < 1 and do < {@,’y} . (10)
Fix a continuously differentiable initial function hs, ¢, : [—7,0] — R defined by

Lemma B3 and let M = ||hs, 4| Let 61 > 0 be such that

i €
2(M +bK)r E_l biogaésl wi(u) < T 01 < dp. (11)
Finally, let § > 0 be such that
1
0 i — . 12
< min {O’, K} (12)

Let a € R™ with |a] = ¢ be fixed, and let @(t) = hsyt(t)a. Then p(0) = a
and ||¢|| = |a] = 6. Let 2 and y be a solution of ({l) and (@), respectively, both
corresponding to this initial function, .
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Then the variation-of-constants formula yields

£(t) = y(t) + / V(ts)f(s)ds,  t> to,

to
where f is defined by (). Theorem 1.2 from Section 6.1 of [T5] (see also [I]) yields
the following relation

to+r m
VO =Vl te O+ [ V) A0~ ds 2t (13)
Then .
V(t, to)gﬁ(O) = :E(t) — /OTV(t, S+ to) Z AZ(S + to)@(s — 7'1'(5 + 2o, O)) ds

- [vesseas

to
and so for t > tg + r it follows

[V(t,to)a| < Ke @t=to) ||g0||—|—/ |V (t,s+to |Zb|cps—n(s+to, 0))|ds
=1

to+r t
w [ Wasllds+ [ Vsl ds (149)

to to+r
We denote the last three integrals by I;, Is and I3, respectively, and we estimate
them separately. Using Lemma B3 and ([[) we get

L < max t5|zb/ Rso,t0 (s — Ti(s + to,0))|al ds

toSSSto-i-T

< b(50|a| max |V (t,s)]

<s<top+r

< - .
< 4|a| x|Vt ) (15)

Relations [[M), () and @), |z(t)|] < K|¢|| = K§ < d1 < & for t > to, ||¢| = |a
and Lemma EZ yield

t m
I3 < max |V(t,s)|b/ max |x(u)|Zblwz(||xs||)ds

to+r<s<t totr s—2r<u<s

t

< tog}%};gtﬂ/(t,sﬂb t0+TKe a(s—2r— t“)||<p||Zb ma)% w;(u)ds

= VOl Y ) [

< Ve

< flal, max_|V(t.9)] (16)

To estimate I first consider

to+r
L< max ts|2b / l2(€4(s)) — 2(ms(s))] ds,

toSSSto-i-T
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where we used @), and &; and 7; are defined by @). We divide the interval [to, to+7]
into three disjoint sets:
A; = {s € [to, to + r]: &(s) <0}, B; = {s € [to, to +7]: 0 <ni(s)},
and
Ci={s € lto,to+7]: mi(s) <0< &(s)}.

We estimate the integral separately on the sets A;, B; and C;. Using the Mean
Value Theorem, (H4) and the definitions of M and é; we get

|hso,t0 (§i(8)) = o to(mi(8))] < M (&i(s)) — ni(s))
M|7i(s,xs) — 7:(s,0)]

M .
25, i)

IN

for s € [to,to + 7], therefore

/ 2(Ei(s)) — 2(ms(s))| ds = / s 0 (€5(5)) — B 1o (ms(s))l ] s
A; A;

Mia| max wi(u)u(Ai)

IN

< Mlalr max w;(u).
0<u<é;

Lemma L4 the Mean Value Theorem, (H4) and ||¢|| = |a| imply

A

l2(&i(s)) — x(mi(s))lds < bK||<P||/ (&i(s) —ni(s)) ds
B;
bKla| max wi(u)u(B;)

IN

IN

bK i(u).
la|r (max wi(u)

Now the previous two cases yield

/ 2(€4(s)) — 2(ms(s))] ds
C;

< /C |z(&i(s)) — z(0)| ds + /C |hso 10 (0) — Risy.10(0i(5))]|a] ds
< bK|a|/ fi(s)ds+M|a|/ —n;i(s) ds
<

bK|a|/ (&(s) —ni(s )ds+M|a|/ (&i(s) —ni(s)) ds

< Ja|(bK + M)r max w;(u).
0<u<é;

Therefore the three cases and ([Il) give

< .
oS e VSl + bK)r Zbgﬁ;w

—| | [V (t,5)l. (17)

t0<S<t0+T‘

IN
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Combining ([[d)) with [[H), M) and {7 we get for ¢ > ¢y + r that

t.t < Ke @lt=to) < t £ t
|V(t,to)a| < Ke la] + 2|a|togr;1§g§+er( ,8)| + 4|altogg§Sth( ;8

3e
< 704(t7t0) .
< Ke la| + T lal t;gzsuét [V (t,s)| (18)

It is easy to see that ([[§) holds for ¢ € [to,to + 7], as well. Since ([[¥) holds for all
a € R” with |a| = ¢, it implies ([@).
Step 2: Now we show |V (t,u)| < Ke~ (=% holds for t > u > 0.
Let 0 <u <5<t Applying [@) with ¢ = 5 and using 0 < e < 1, we get
3 3
[V (t,35) < K—|— Inax, [V(t,s)| < K+ - ma§t|V( s)].

Taking the maximum of the left—hand—mde for u < 5§ <t we get

max |V(t,s)| < 4K.
u<s<t

Substituting this back to @) with ¢ty = u we get
V(t,u)| < Ke =) 4 3Ke.

Since & was arbitrary small, we get that |V (¢,u)| < Ke~*(*~%) holds for t > u > 0,
which yields that the trivial solution of ) is exponentially stable with order a.
O

Proof of Theorem [Z2. We use all the notations introduced in the proof of Theo-
rem (the sufficient part of Theorem E4).

First note that condition () yields that I/ is not empty. Let 0 < o < o be fixed.
Then there exists 0 < ¢ such that

Kb2arm
My = 222¢ Zb/ @il g <1

c biez‘” i ¢ w;(u)

In the last estimate we used that My > 1. Suppose ||g0|| <o.
If we look at the proof of Theorem XA we can easily see that for the derivation
of (@) we have not used that 8 < «, it holds with 8 = «, as well, i.e.,

/ S b ) ds
to+r

i=1

and

z(t) < Malle|| + Kgbemr max z(

tZtOZ()v
t() T‘t]

(19)
where z(t) = e*(*=t)|x(t)|. Since

|IS(U)| — |:E(S + u)| — efa(s+ufto)ea(s+u7to)|$(S + u)| — efa(s+ufto)z(s + u)

for u € [—r,0], it follows
sl < ettoFem ) 2.

Consequently, by the monotonicity of w;
t m
/ S b (e e 2, ) ds
totr j=1

2(t) < Myl + Kobe®*”  max  z(u)
u€[to—r,t]
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Since z(s) = e*)|p(s — tg)] < [l¢|| < 0 < ¢ for s € [ty — 1 tg], it follows
z(t) < ¢ for t close enough to ty. Suppose there exists T' > ¢y such that z(t) < ¢ for
tefto—rT)and z(T) = c. Then

m T
c < Mool + K2be2arczbi/ wi (6a(t0+r)€_asc) ds.
i=1

to+r

—Qas

Introducing N; = e®(fo+7) the new variable v = Njce and the definition of o,

we get
—a(tg+r)
K2b6 Nice w;(u)
< M. b; d
¢ < Mgl + Z foo
Kybe? i
< Myl + 22EE Zb/ wilw) g,

Kb2ar m i
< Mo+ 222 C Zb/udu

<

where we used the definition of o at the last estimate. Therefore z(t) < ¢ for all
t > 19 > 0. Then it follows from ([[d) repeating the above argument that

2(t) < Mllp|| + Kobe?o” max z( / Zbiwi(]\ﬁce—as)ds
to+r

u€to—r,t] pt
< Mgl + K2be®®™  max Zb / wi(u) du, >ty >0,
ue[tofr,t]

and therefore

max z(u) < Ma|lp|| + M3 max z(u).
uE[to—r,t] u€E[to—r,t]

It implies

=) |2()] < max  z(u) < M

t>tg >0
w€[to—r,t)] - 1- ||<P|| ==

i.e., the statement of the theorem holds with K = 5 %\243
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